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Abstract 

Following a scheme suggested by B. Feigon, we investigate a local relative 
trace formula in the situation of a reductive p-adic group G relative to a 
symmetric subgroup H = ^{F) where is split over the local field F of 
characteristic zero and G = G{F) is the restriction of scalars of relative 
to a quadratic unramified extension E of F. We adapt techniques of the proof 
of the local trace formula by J. Arthur in order to get a geometric expansion 
of the integral over H x H oi a truncated kernel associated to the regular 
representation of G. 
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Introduction 


In this article, we investigate a local relative trace formula in the situation of p- 
adic groups relative to a symmetric subgroup. This work is inspired by the recent 
results of B. Feigon ([F]), where she investigated what she called a local relative 
trace formula on PGL{2) and a local Kuznetsov trace formula for U(2). 

Before we describe our setting and results, we would to explain on the toy model 
of hnite groups the framework of the formulas of B. Feigon. We even start with the 
more general framework of the relative trace formula initiated by H. Jacquet ([J]). 

Let G be a hnite group and let H, H', F be subgroups of G. We endow any hnite 
set with the counting measure. We denote by r the right regular representation of 
G on L‘^(r\G) and we consider the FT-hxed linear form ^ on L^(F\G) dehned by 

^ ^ Srh ( 0 . 1 ) 

heHnr\H 

where 6rh is the Dirac measure of the coset Th, or in other words 

^(^) = r i;{Th)dh, i;eL\T\G). 

JHnr\H 

We dehne similarly relative to H'. 

We view as elements of L^(F\G) and we form the coefficient = {r{g)^, C). 

Integrating over functions on G, it dehnes a ’’distribution” 0 on G which is right 
invariant by H and left invariant by H'. The relative trace formula in this context 
gives two expressions of ©(/) for / a function on G, the hrst one, called the geometric 
side, in terms of orbital integrals, and the second one, called the spectral side, in 
terms of irreducible representations of G. 

First we deal with the geometric side. For this purpose we introduce suitable 
orbital integrals. For 7 e F, we set [ 7 ] := [H' n n F) and one introduces two 

subgroups oi H' X H 

(H' X H)^ = {{h', h)\h'-fh-^ = 7 }, (iL' n F x // n F).^ = {H' x H)^ n (F x F). 
Then, we dehne the orbital integral of a function / on G by 

/([7 ],/)= f f{h'^h-^)dh'dh. 

Let / be a function on G. Since r{g)6rh = hrhg-y fhe dehnition of ^ and gives 


e{f) = Yjf(9Mg) = Yjf(a) 

geG geG 


1 1 
vol{T n H) vol{T n H') 


^ ^ {Srhg-i, Srh')■ 

heH h'eH' 
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Changing g 'm. g and using the fact that {Srg,Srh') is equal to 1 for g eTh' 
and to zero otherwise, one gets 

,/r^ li H H (°'2) 

vol(r r, H)vol(r r. H') 

A simple computation of volumes leads to the geometric expression of 0 in terms 
of orbital integrals 

e(/)= 21 ™i((ff'nrxffnr),\(ff'xff),)/([T],/). (0.3) 

[7]sir'nr\r/rnn' 

Let us turn to the spectral side. We decompose L^(r\G) into isotypic components 
® 7 rsG^’r The restriction of ^ and to T-L-jr will be denoted .^ 7 ^ and respectively. 
The spectral formula for 0 is the simple equality 

ttsG 

Notice that it might be also interesting to decompose further the representation into 
irreducible representations and the restriction of ^ to each of them will be called a 
period. 

There is a third interpretation of the distribution 0. If / is a function on G, 
then the operator r(/) on L^(r\G) is an integral operator whose kernel Kf is the 
function on r\G x r\G given by 

Kfix,y) = 

7sr 


By (0.2), one gets easily the following expression of 0(/) 

0(/) = f Kf(h',h)dh'dh. (0.5) 

J{H'nr\H')x{Hnr\H 

This point of view is probably the best one. But it is important to have the repre¬ 
sentation theoretic meaning of 0 . 

The toy model for the local relative trace formula of B. Feigon appears as a 
particular case of the above relative trace formula. In that case, the groups G, H 
and H' are products Gi x Gi, Ffi x Hi and H[ x H[ respectively and T is the diagonal 
of Gi X Gi. Then r\G identihes with Gi and the right representation corresponds 
to the representation i? of Gi x Gi on L^(Gi) given by [R{x,y)(f)]{g) = (f){x~^gy). 
Then, we have 

^(^) = r ijj{h)dh, i;eL\Gi). 

Jhi 
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The spectral side is more concrete. If (tti, T-L-ki) is an irreducible unitary represen¬ 
tation of Gi then Gi x Gi acts on End('H^J by an irreducible representation denoted 
by TT. It is unitary if we use the scalar product associated to the Hilbert-Schmidt 
norm. Moreover L^(Gi) is canonically isomorphic to the direct sum 0^^gg^End('H^j). 
Let be the orthogonal projector onto the space of invariant vectors under Hi. 
Then, the period map which is a linear form on End('H 7 rJ, is given by 

UT) = [ Tr{ni{h)T)dh = iT,P^), T e EndCH^J. 

Jhi 

One further decomposes by using an ortho normal basis of the space 

of iLi-invariant vectors. We will use the identihcation of End('P 7 rJ with the tensor 
product of Htti with its conjugate complex vector space. In this identihcation, one 
has 

i 

We dehne similar notations for relative to H'. Then, for two functions /i, /2 on 
Gi, the spectral side (0.4) can be written 


0(/i(8)/2) 


vrisGi 


For the geometric side, we dehne the integral orbital of a function / on Gi by 
I{gJ)= ( f{h'gh-^)dhdh' 

which depends only on the double coset H[gHi. Then one gets by (0.3) the equality 

0 (/ i ®/ 2 )= Yj '^(9)^9,11)1(9,12) 

geH[\Gi/Hi 


where the v{g)^s are positive constants depending on volumes. Hence the hnal form 
of the local relative trace formula is: 


E »-(9)/(9./i)/(9./2)= E E 

geH[\Gi/Hi 

ttieGi *1*' 

This formula allows to invert the orbital integrals I{g, fi). For this purpose, one 
chooses gi e Gi and takes for /2 the Dirac measure at gi. Then /((?i,/ 2 ) = 1 and 
the other orbital integrals of /2 are zero. Hence 

v{gi)I{giJi) = 

TTlSGl 

In order to make the formula more precise, one needs to compute the constants 
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The inversion of orbital integrals is one of our motivations to investigate a lo¬ 
cal relative trace formula in the situation of p-adic groups relative to a symmetric 
subgroup H and we will take H = H'. 

In this article, we consider a reductive algebraic group ^ dehned over a non 
archimedean local held F of characteristic 0. We hx a quadratic unramihed extension 
E of F and we consider the group G := Rose/f^ obtained by restriction of scalars 
of where here ^ is considered as a group dehned over E. We denote by H and 
G the group of F-points of ^ and G_ respectively. Then G is isomorphic to H(E) 
and H appears as the hxed points of G under the involution of G induced by the 
nontrivial element of the Galois group of E/F. We assume that is split over F 
and we hx a maximal split torus Aq of H. The groups G and H correspond to Gi 
and Hi = H[ respectively in our example of a local relative trace formula for hnite 
groups. 

The starting point of our study is the analogue to the expression (0.5). We 
consider the regular representation R of G x G on H{G) given by {R{gi, g2)'4^){x) = 
'tp{gi^xg 2 ). Then for / = /i G) /2 where fi and /2 are two smooth compactly 
supported functions on G, the corresponding operator R{f) is an integral operator 
on L‘^{G) with smooth kernel 

Kf{x,y)= fi{xg)f 2 {gy)dg = fi{g)f 2 {x~^gy)dg. 

JG Jg 

As H may be not compact, even modulo the split component Ah of the center 
of H, we have to truncate this kernel to integrate it. We multiply this kernel by a 
product of functions u{x,T)u{y,T) where u{-,T) is the characteristic function of a 
large compact subset in Ah\H depending on a parameter T e ao = Rat(Ao) ® 
(Rat(Ao) is the group of F-rational characters of Aq) as in [Ar3] (cf. (2.7)). As H 
is split, we have Ah = Aq- Hence the kernel Kf is left invariant by the diagonal 
diag{AH) of Ah and we can integrate the truncated kernel over diag{AH)\H x H. 
We set 

K^{f)-.= r Kf{xi,X2)u{xi,T)u{x2,T)d{xi,X2). 

Jdiag{AH)\{HxH) 

In [Ar3], J. Arthur studies the integral of Kf{x, x)u{x,T) over Ag\G to obtain 
its local trace formula on reductive groups. 

We study the geometric expression of the distribution iv^(/) and its dependence 
on the parameter T. Our main results (Theorem 2.3 and Corollary 2.11) assert that 
K^{f) is asymptotic as T approaches inhnity to another distribution J^(/) of the 
form 

N 

./’’(/) = ( 0 . 6 ) 

fc =0 

where = 0,... are distinct points of the dual space ia^ and each p^^iT, /) is a 
polynomial function in T. Moreover, the constant term J{f) := Po{0,f) of is 
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well-defined and uniquely determined by K^{f). We give an explicit expression of 
this constant term in terms of weighted orbital integrals. 

These results are analogous to those of [Ar3] for the group case. Our proof follows 
closely the study by J. Arthur of the geometric side of his local trace formula which 
we were able to adapt under our assumptions to the case of double truncations. 

In the hrst section, we introduce notation on groups and on symmetric spaces 
according to [RR]. The starting point of our study is the Weyl integration formula 
established in [RR], which takes into account the {H, //)-double classes of cr-regular 
elements of G (cf. (1.30) and (1.32)). These double classes are express in terms of cr- 
torus, that is torus whose elements are anti-invariant by a. Under our assumptions, 
there is a bijective correspondence S ^ between maximal tori of H and maximal 
cr-tori of G which preserves i^-conjugacy classes. 

Then the Weyl integration formula can be written in terms of Levi subgroups 
M e C{Aq) of H containing Aq and M-conjugacy classes of maximal anisotropic tori 
of M (cf. (1.33)): 

f f{9)dg= 2 2j 2j l^<T(a^m7)lF^ f f{h~^Xmll)d{h,l)d') 

MeC{Ao) SeTm XmSKs Jdiag{AM)\HxH 

where ks is a hnite subset of G, cm and cs,xm positive constants, 7m is a suitable 
set of anisotropic tori of M and is a Jacobian. 

A fundamental result for our proofs concerns the orbital integral Af(/) of a 
compactly smooth function / on G. It is dehned on cr-regular points by 

M{f){xml) = |A(^(a:m7)|j/^ f f{h~^Xm7^)d{h,l), 

Jdiag{As)\HxH 

where A is a maximal torus of i7, x^ ^ ^5 and 7 e Ro- such that Xm'y is cr-regular. 

As in the group case using the exponential map and the property that each root of 
Srj has multiciplity 2 in the Lie algebra of G, we prove that the orbital integral is 
bounded on the subset of cr-regular points of G (cf. Theorem 1.2). 

In the second section, we explain the truncation process based on the notion 
of {H, M)-orthogonal sets and prove our main results. Using the Weyl integration 
formula, we can write 

^^(/) = 2 Cm 2 2 

MeC{Ao) SeTu 

where 

A:^(a;m,7,/) = |A^(xm7)|p'^^ r [ fi{yi^Xm'yy2) 

Jdiag(AM)\H X H Jdiag{AM)\HxH 

X f2{xA^mlX2)uM{xi, ?/i, X2, ?/2, T)d{xi, X2)d{yi, 2/2) 
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and 

UM{xi,yi,X2,y2,T) = u{y^^axi,T)u{y2^ax2,T)da. 

JAh\Am 

The function is obtained in a similar way to where we replace the 

weight function um{xi, yi,X2,y2, T) by another weight function vm{xi, yi,X2,y2,T). 

The weight function vm is given by 

VM{xi,yi,X2,y2,T) := 0-M{hM{a),yM{xi,yuX2,y2,T))da 

JAh\Am 

where ctm(-, 3^) is the function of [Ar3] depending on a (i/, M)-orthogonal set y and 
1 / 1 , ^ 2 , 2 / 2 , r) is a orthogonal set obtained as the ’’minimum” of two 

orthogonal sets 3^Ar(xi, ?/i, T) and yM{x 2 ,y 2 ,T) (cf. (2.4), Lemma 2.2 and 
(2.11)). If 3^1 and 3^2 are two {H, M)-orthogonal positive sets then the ’’minimum” 
Z of 3^1 and 3^2 satishes the property that the convex hull Sm{Z) in aH\aM of the 
points of Z is the intersection of the convex hulls iSm(3^i) and Sm0^2) in 0'h\xm of 
the points of 3^i and 3^2 respectively. 

If ||r|| is large relative to ||xj||, ||//j||, f = 1,2 then (Jm(-, yu^Xi, yi,X 2 , // 2 , T)) is just 
the characteristic function of SM{yM{xi,yi,X 2 ,y 2 ,T)). In that case, this function 
is equal to the product of (TM{-,yM{xi,yi,T)) and o'm(-, 3 ^M(a: 2 , 2 / 2 ,2”)). 

Our proofs consist to establish good estimates of \uM{{xi,yi,X 2 ,y 2 ,T) — 
VM{xi,yi,X 2 ,y 2 ,T)\ when Xi,yi,i = 1,2 satisfy fi{yi^Xm'iy 2 )fiixi^Xm^X 2 ) A 0 for 
some j ^ Sa and Xm e ns- Then, using that orbital integrals are bounded, we deduce 
our result on \K'^{f) — J^(/)|. 

This work is a first step towards a local relative trace formula. For the spectral 
side, we have to prove that K^{f) is asymptotic to a distribution k'^{f) which is of 
general form (0.6) and constructed from spectral data. We hope that we can express 
the constant term of k^{f) in terms of regularized local period integrals introduced 
by B. Feigon in [F] in the same way than Jacquet-Lapid-Rogawski regularized period 
integrals for automorphic forms in [JLR]. We plan to explicit such a local relative 
trace formula for PGL(2). 

Acknowledgments. We thank warmly Bertrand Lemaire for his answers to our 
many questions on algebraic groups. We thank Bertrand Remy and David Renard 
for our helpful discussions. We thank also Guy Henniart for providing us a proof of 
(1.5). 

1 Preliminaries 

1.1 Reductive jg-adic groups 

Let F be a non archimedean local field of characteristic 0 and odd residual charac¬ 
teristic q. Let I ■ If denote the normalized valuation on F. 
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For an algebraic variety M defined over F, we identify M with M(F) where F is 
an algebraic closure of F and we set M := M(F). 

We will use conventions like in [W2]. One considers various algebraic groups J 
defined over F, and sentences like 

” let M be an algebraic group” will mean ” let M be the F-points of an 
algebraic group M defined over F” and ” let A be a split torus ” will 
mean ” let A be the group of F-points of a torus, A, defined and split 
over F 

If J is an algebraic group, one denotes by Rat( J) the group of its rational characters 
defined over F. If 1/ is a vector space, V* will denote its dual. If V is real, Vc will 
denote its complexification. 

Let G_ be an algebraic reductive group defined over F. We fix a maximal split 
torus Aq of G and we denote by Mq its centralizer in G. 

We denote by Ac the maximal split torus of the center of G and we define 

ac '■= Homz(Rat((j),M). 


One has the canonical map he '■ G ^ ac which is defined by 

e</^G(0,x> = X G G,x e Rat(G). (1.2) 


The restriction of rational characters from G to Aq induces an isomorphism 

Rat(G) (x)^ M ^ Rat(y4G) K- (1-3) 

Notice that Rat(y4G) appears as a generating lattice in the dual space ah of ac 
and 

Og ^ Rat(G) M. (1.4) 

The kernel of ho, which is denoted by G^, is the intersection of the kernels of 
|x|f for all character x e Rat(G) of G. The groupe G^ is distinguished in G and 
contains the derived group Gder of G. Moreover, it is well-known that 

the group G^ is generated by the compact subgroups of G. (1.5) 

G. Henniart has communicated to us an unpublished proof of this result by N. Abe, 
F. Herzig, G. Henniart and M.F. Vigneras. 

One denotes by aG,F (resp., og.f) the image of G (resp., Ac) by he- 
Then G/G^ is isomorphic to the lattice og.f- ^ 

li P is a. parabolic subgroup of G with Levi subgroup M, we keep the same 
notation with M instead of G. 


The inclusions Ac c Am ^ M ^ G determine a surjective morphism om.f 
og.f (resp., an injective morphism, aG,F —^ ^m,^) which extends uniquely to a sur¬ 
jective linear map Hmc from um to (resp., injective map between qq and om)- 
The second map allows to identify ac with a subspace of qm and the kernel of the 
hrst one, a^, satishes 


ttM — © CbG- 

For M = Mo, we set Oq := omo and := We £x a scalar product (•, •) on oq 
which is invariant under the Weyl group W{G,Aq) of ((5,740). Then ac identihes 
with the hxed point set of oo by W{G,Aq) and is an invariant subspace of ao 
under W{G^Aq). Hence, it is the orthogonal subspace to ac in ao. The space 
ttQ might be viewed as a subspace of by (1.7). Moreover, by dehnition of the 
surjective map ao —» ac, one deduces that 


if niQ e Mq then hcirno) is the orthogonal projection of /iMo(n^o) onto 
ac- 

From (1.7) applied to (M, Mo) instead of ((5, M), one obtains a decomposition oo = 
© om- From the W{G, Hq) invariance of the scalar product, one gets: 

The decomposition oo = © om is an orthogonal decomposition. 

The space a\j appears as a subspace of and, in the identihcation of (1.9) 
ao with Qq given by the scalar product, Qm identihes with um- 

The decomposition qm = clm © is orthogonal relative to the restriction to qm 
of the W{G, 74o)-invariant inner product on ao and the natural map hue is identihed 
with the orthogonal projection of om onto ac- 


In particular, ag.F is the orthogonal projection of om.f onto ac- More¬ 
over, we have og.f = om,f (cf. [Ar3] (1.4)). 


( 1 . 10 ) 


By a Levi subgroup of G, we mean a group M containing Mq which is the Levi 
component of a parabolic subgroup of G. If P is a parabolic subgroup containing 
Mq then it has a unique Levi subgroup denoted by Mp which contains Mq. We will 
denote by Np the unipotent radical of P. 

For a Levi subgroup M, we write C{M) for the hnite set of Levi subgroups of G 
which contain M and we also let V{M) denote the finite set of parabolic subgroups 
P with Mp = M. 

Let K be the hxator of a special point in the apartment of Aq in the Bruhat-Tits 
building. We have the Cartan decomposition 


G = KMqK. 


( 1 . 11 ) 


If P = MpNp is a parabolic subgroup of G containing Mq, then 

G = PK = MpNpK. (1.12) 
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If X e (7, we can write 


X = mp{x)np{x)kp{x), mp{x) e Mp,np{x) e Np, kp{x) e K. (1-13) 


We set 

hp{x) := hMp{mp{x)). (1.14) 

The point mp{x) is defined np an element of K bnt hp{x) does not depend of this 
choice. 

We introduce a norm || ■ || on G as in ([W2] §1.1.) (called height function in 
([Ar3])). Let Aq : G ^ GL„(F) be an algebraic embedding. For g e G, we write 

■^0(5^) (®i,j)i j = l...n) Ao( 5 ^ ) (^i,j )i,j = l...n' 


We set 


g\\ := supsup(|aij|F, l&ijlp)- 


(1.15) 


If A : G ^ GLrf(F) is another algebraic embedding then the norm || ■ ||a attached to 
A as above is equivalent to || • || in the following sense: there are a positive constant 
Ga and a positive integer d\ such that 




This allows us to use results of [W2] for estimates on norms. 

The following properties of || ■ || are immediate consequences of definition: 

1 < ||x|| = ||x“^||, X e G, (1-16) 


^2/11 ^ l|a;||||2/L x,yeG. (1.17) 

In order to have estimates, we introduce the following notation. Let r be a 
positive integer. Let / and g be two positive functions defined over a subset W of 
G" . 


We write f{x) < g{x), x e VF if and only if there are a positive constant 
c and a positive integer d such that /(x) < cg{xY for all x e W. 


( 1 . 18 ) 


We write /(x) ss g{x),x e IF if /(x) < gix),x e IF and g{x) < 
/(x), X e IF. 


If /15 /2 and /s are positive functions on G^, we clearly have 

if /i(x) < / 2 (x),x e IF and / 2 (x) < / 3 (x),x e IF then /i(x) < / 3 (x),x e IF, 
if /i(x) % / 2 (x),x e IF and / 2 (x) ss / 3 (x),x e IF then /i(x) / 3 (x),x e IF. 
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Moreover, if /i, f 2 ,gi and g 2 are positive functions on which take values greater 
or equal to 1, we obtain easily the following properties: 

1. for all positive integer d, we have /i(x) % fi{xY,x e W, 

2. if/i(x) ^ gi{x),x eW and / 2 (x) ^ g 2 {x),x eW then 

(/i/2)(x) < {gig2){x),x E W, (1-20) 

3. if fi(x) SK gi(x),x E W and / 2 (x) ss g 2 {x),x e W then 
(/i/2)(x) % {gig2)ix),xE W. 

Since ||x|| = ||x|/|/“^|| ^ ||x|/|||||/|| and \\xy\\ ^ ||x||||?/||, we obtain 

If n is a compact subset of G, then ||x|| ss ||xa;||, x e G,u e fl. (1-21) 

Let P = MpNp be a parabolic subgroup of G containing Mg. Then, each x e G can 
be written x = mp{x)np{x)k where mp{x) e Mp, np{x) e Np and k e K. By ([W2] 
Lemma 11.3.1), we have 


||mp(x)|| + ||np(x)|| < ||x||, X E G. 


( 1 , 22 ) 


Recall that G^ is the kernel of ho ■ G —* ac- Let us prove that 

||xa|| ss ||x||||a||, xeG^jUeAg- 


(1.23) 


According to the Cartan decomposition (1.11), if g e G, we denote by mo{g) an 
element of Mq such that there exist k,k' e K with g = kmQ{g)k'. Notice that 
II ^Mo (”^ 0 ( 5 '))II does not depend on our choice of mo{g). By (1.21), one has 


ll^llll"io(^)||, g^G, 

(1.24) 

and by ([W2]) 1.1.(6)) we have 



(1.25) 


Let X E G^ and a e Aq- Then mo(x) e n Mq and mo(xa) = mo(x)a. Thus, one 
has hcimo^x)) = 0. We deduce from (1.8) that hMo(^o(2:)) belongs to . Since 
hMo{iT^o{x)a) = hMo{fno{x)) + hMo{ci) and hMo{a) e ac, we obtain by orthogonality 
that 


-(||/iMo(mo(x))|| + ||hMo(a)||) ^ \\hMo{mo{x)a)\\ ^ \\hMo{mo{x))\\ + ||/iMo(a)|| 

Hence (1.23) follows from (1.24) and (1.25). 
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We denote by C'“((j') the space of smooth functions on G with compact support. 
We normalize Haar measures according to [Ar3] §1. Unless otherwise stated, the 
Haar measure on a compact group will be normalized to have total volume 1. 

Let M be a Levi subgroup of G. We £x a Haar measure on qm so that the 
volume of the quotient aM/aM,F equals 1. 

Let P = MNp e V[M). We denote by 5p the modular function of P given by 

Sp{mn) = e M,ne Np, 


where 2pp is the sum of roots, with multiplicity, of (P, Am)- Let P = MNp be the 
the parabolic subgroup which is opposite to P. If dn is a Haar measure on Np then 
the number 





is hnite. Moreover, the measure 'y{P)~^dn is independent of the choice of dn and 
thus dehnes a canonical Haar measure on Np. 

If dm is a Haar measure on M then there exists a unique Haar measure dg on G, 
independent of the choice of the parabolic subgroup P, such that 





I IJ 

JNp JM JN 


f{nmn)5p(m) ^dn dm dn, 


for / e G^{G). We say that dm and dg are compatible. Compatibility has the 
obvious transitivity property relative to Levi subgroups of M. Using the Iwasawa 
decomposition (1.12), these measures satisfy 



1 


II 


K JAd JNp 


f{mnk)dn dm dk. 


1.2 The symmetric space H\G 

Let E be an unramihed quadratic extension of F. Thus E = F[r] where is not a 
square in F. We denote by a the nontrivial element of the Galois group ^a/(E/F) 
of E/F. The normalized valuation | • |e on E satishes |a:|E = \x\p for x e F. 

If J is an algebraic group dehned over F, as usual we denote by J its group of 
points over F. Let J xeE be the group, dehned over E, obtained from J_ by extension 
of scalars. We consider the group 

J '.= ResE/E( J xe E) 

dehned over F, obtained by restriction of scalars. 

With our convention, one has J = J(F) and J is isomorphic to J(E). 

Let P be a reductive group dehned over F. In all this article, we assume that P 
is split over F and we set G := P and G := P. We hx a maximal split torus Aq of 
P. Then Aq is also a maximal split torus of G and we have Ap = Aq. 
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The nontrivial element a of Qal{E/Y) indnces an involntion of G defined over 
F, which we denote by the same letter. This antomorphism a extends to an E- 
automorphism cte on G xp E. 

We consider the canonical map (p dehned over F from G to xp E) x xp E) 

by (fig) = 

Then, if extends nniquely to an isomorphism T dehned over E from 
G xpE to Xp E) X xpE) snch that '^{g) = {g, (y{g)) for all e G (1-26) 
and if '^{g) = (91,92) then T (( TE ( fif )) = (92,91)- 

Now we turn to the description of the geometric structure of the symmetric space 
S = H\G according to [RR] sections 2 and 3. 

Let g be the Lie algebra of G and g be the Lie algebra of its F-points. We will 
say that g is the Lie algebra of G and the Lie algebra i) of H consists of the elements 
of g invariant by a. We denote by q the space of antiinvariant elements of g by a. 
Thus, one has g = f) © q and g may be identihed with f) ©p E. 

As in ([RR] § 2 .), we say that a subspace c of q is a Cartan subspace of q if c is 
a maximal abelian subspace of q made of semisimple elements. As E = F[r], the 
multiplication by r induces an isomorphism between the set of Cartan subspaces of 
q and the set of Cartan subalgebras of f) which preserves FT-conjugacy classes. 

We denote by P the connected component of 1 in the set of x in G such that 
a(x) = x~^. Then the map p from G to P dehned by p(x) = x~^a(x) induces an 
isomorphim of affine varieties p : H\G P. 

A torus A of G is called a cr-torus if A is a torus dehned over F contained in 
V. Notice that such torus are called a-split torus in [RR]. We prefer change the 
terminology as cr-tori are not necessarily split over F. Each a-torus is the centralizer 
in P of a Cartan subspace of q, or equivalently of a Cartan subalgebra of f). 

Let F be a maximal torus of H. We denote by the connected component of 
^nV. Then is a cr-torus dehned over F which identihes with the antidiagonal 
{(s, s“^); s e of F X R by the isomorphism (1.26). Thus, ^ is a maximal cr-torus 
and each maximal cr-torus arises in this way . The iF-conjugacy classes of maximal 
tori of H are in bijective correspondence with the iF-conjugacy classes of maximal 
cr-tori of G by the map S i--> Sa- The roots of ^ (resp.; in f) = Lie(H_) (resp.; 
q ©F F) are the restrictions of the roots of 5 in g = Lie(G). 

Therefore, each root of F (resp.; in g has multiplicity two. If S_ splits 

over a hnite extension F' of F, we denote by <F(S'(,.,g') (resp.; $(5", f)')) 

the set of roots of iF^(F') in g ©p F' (resp.; 5(F') in f\ ©p F'). 27 ) 

Let s be the Lie algebra of F. Then, the diherential of each root a of 

<h(S", g') dehnes a linear form on 5 ©p F' which we denote by the same 

letter. 

Let Qal(F/F) be the Galois group of F/F. By ([RR] §3), the set of (H,So-)- 
double cosets in HS„ n G are parametrized by the hnite set F of cohomology classes 
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in H^iQaljY/¥), H n which split in both ^ and S_^. To each snch classe m, we 
attach an element Xm e G of the form Xm = hmd'^ with hm^ H_ and am ^ ^ snch 
that m-y = h^'y{hm) = a“^ 7 (am) for all 7 e ^a/(F/F). 

1.1 Lemma. Let x e G such that x = hs with h e ^ and s e F. Then, xSx~^ is a 
maximal torus of H and there exists h' e H such that x' = h'x centralizes the split 
connected component As of S. 

Proof: 

Replace S' by a Ff-conjngate if necessary, we may assnme that A := is contained 
in the hxed maximal split torns Aq of H. Since H is split, Aq is also a maximal split 
torns of G. 

Since x = hs e G, the torns ^ := x^x~^ is eqnal to h^h~^ c H_. Thns F' is 
defined over F and contained in H_ and we obtain the hrst assertion. 

Let S' := 5'(F) and let JV be the split connected component of S'. There exists 
hi e H snch that hiA'hf^ c Aq. We set Xi = hix, thus we have Ai := xiAxf^ c Aq. 

Let M = Zg{A) and Mi = Zg{Ai) = xiMxf^. Then Aq and xiAqx^^ are 
maximal split tori of Mi. Therefore, there exists yi e Mi such that yiXiAQxf^yf^ = 
^ 0 - As i/ is split, the Weyl group of Aq in G coincides with the Weyl group of Aq 
in H. Thus, there exist /12 e Nh{Aq) and v e Zg{Aq) such that 2 : := yiXi = h 2 V. 

For a e A c Aq, one has zaz~^ = h2ahf^ = yixiaxf^yf^ = xiaxf^ since 
xiaxf^ e Ai and yi e Mi. One deduces that x' := hf^hix centralizes A. □ 

Thus, for each maximal torus S of H, we can hx a hnite set of represen¬ 
tatives Ks = {xm}mei of the (M, iS'o-)-double cosets in HS„ n G such that . . 

each element Xm may be written Xm = hma^ where hm ^ H_ centralizes ^ ' 

As and ^ Hence Xm centralizes As. 

1.3 Weyl integration formula and orbital integrals 

We hrst recall basic notions on the symmetric space according to ([RR], §3). An 
element x in G is called a-semisimple if the double coset HxH is Zariski closed. This 
is equivalent to say that p{x) is a semisimple point of G. We say that a semisimple 
element x is a-regular if this closed double coset HxH is of maximal dimension. 
This is equivalent to say that the centralizer of p{x) in q (resp.; P) is a Cartan 
subspace of q (resp.; a maximal cr-torus of G). 

We denote by the set of a-regular elements of G. 

For g e G, we denote by Dg^q) the coefficient of the least power of t appearing 
nontrivially in det(f-f 1 — Ad( 5 ')). We dehne the M-biinvariant function A^. on G by 
A^{x) = Dg{p{x)). Then by ([RR], Lemma 3.2. and Lemma 3.3), the set of e G 
such that Aa{g) A 0 coincides with 
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Let S' be a maximal torus of H with Lie algebra s. Then s := s(x)f E identihes with 
the Lie algebra of S. For g e XmSa with Xm ^ ks, one has 

^a{g) = Dcipig)) = det(l - Ad(p(^)))g/s. (1.29) 

By ([RR] Theorem 3.4 ( 1 )), the set is a disjoint union 

{S}H^meKs (1.30) 

where {S}h runs the Lf-conjugacy classes of maximal tori of H. 

If Xm e Ks then Xm = hmam for some hm ^ H_ and hence p{xm) = 

commutes with S and Sa- Therefore for 7 e S'^-, we have 

p{Xml) = p{xmh~‘^ and HXmlS = HXml- 


We have the following Weyl integration formula (cf. [RR] Theorem 3.4 (2)): 


Let / be a compactly supported smooth function on G, then we have 
f f{y)dy= Yj 2 Cs,xm f [ f f{hxm^l)dhdldj, 

{S}h XmSKS dSa JS\H Jh 

where the constants are explicitly given in ([RR] Theorem 3.4 ( 1 )). 

For our purposes, we need another version of this Weyl integration formula. 

Let S' be a maximal torus of H. We denote by As its split connected component. 
Since the quotient As\S is compact, by our choice of measure, the integration over 
S\H in the Weyl formula above can be replaced by an integration over As\H. 
Moreover, it is convenient to change h into h~^. As every Xm ^ i^s commutes with As 
(cf. (1.28)), one can replace the integration over {As\H) x H, by an integration over 
diag{As)\{H x H) where diag{As) is the diagonal of As- This gives the following 
Weyl integration formula equivalent to (1.31): 

\f{y)dy=Y S f f f{h-^Xmll)d{h,l)d-^. 

do {S}H^meK.S Jdiag{As)\{HxH) 

(1.32) 

We will now describe the iL-conjugacy classes of maximal tori of H in terms of 
Levi subgroups M in C{Aq) and M-conjugacy classes of some tori of M. 

Let M e C{Aq). We denote by Nh{M) its normalizer in H. If S' is a maximal 
torus of M, we denote by W{M,S) (resp. W{H,S)) its Weyl group in M (resp. 
H). We choose a set Tm of representatives for the M-conjugacy classes of maximal 
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tori S' in M such that Am\S is compact. For M, M' e we write M ~ M' if 

M and M' are conjugate under H. 


Let S' be a maximal torus of H whose split connected component As is contained 
in Aq. Then, the centralizer M of As belongs to C{Aq) and S' is a maximal torus of 
M such that Am\S is compact. If S' is a maximal torus conjugated to S' by iL such 
that As' is contained in Aq, then the centralizer M' of As' in H belongs to C{Aq) 
and M' ~ M. 

Since each maximal torus of H is Lf-conjugate to a maximal torus S such that 
As c Aq, we obtain a surjective map S i—> {S}h from the set of S in 7m where 
M runs a system of representatives of C{AQ)j^ to the set of iL-conjugacy classes of 
maximal tori of H. 

Let M e C{Aq). By ([Ko ] (7.12.3)), the cardinal of the class of M in C{Aq)/^ is 
equal to 


\W{H,Aq)\ 

\W{M,Aq)\\Nh{M)/M\ 


where Nh{M) is the normalizer of M in H. 

By ([Ko ] Lemma 7.1), if S is a maximal torus of M, then the number of M-conjugacy 
classes of maximal torus S' in M such that S' is iL-conjugate to S is equal to 


\Nh{M)/M\\W{M, F)| 
\W{H,S)\ 


Therefore, we can rewrite (1.32) as follows: 



where 


2 CM 2 S [ |A<^(xm7)lF^ f /(^ ^Xmll)d{h,l)d'y 

MeC{Ao) SeTMXmSKs Jdiag(AM)\HxH 

(1.33) 


\W{M,Aq)\ 

\W{H,Aq)\ 


and cs,xm 


\W{H,S)\ Q 
\W{M,S)\ 


Let / e C^{G). We dehne the orbital integral M.{f) of / on G'°' as follows. 
Let S a maximal torus of H. For Xm ^ i^s and 7 e Fo- with Xm 7 ^ we set 


■= \/^a{,Xm7)\s^ f f{h ^Xm7l)d{h,l) 

Jdiag{As)\(HxH) 


I Ag- ( xy , 


7 )If^ f f f{hxmll)dhdl. 

Js\H Jh 


(1.34) 


Our dehnition corresponds, up to a positive constant, to Dehnition 3.8 of [RR]. 
Indeed, by dehnition of A^., we have Ao-(xm 7 ) = dDcipi^Xml))- Since we can write 
Xm = hmam with hm^ H_ and e S^, we have p{xml) = p{xm)7~‘^ = for 
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7 e Sa- Let F' be an extension of E such that S splits over F' and am ^ 

Since each root a of F^(F') in g (x) F' have multiplicity m{a) = 2, using notation of 
(1.27), we obtain: 

A^iXmj) = n (1 = n ( 7 " - 

as<I.(S7g') ae<I-(57g') 

hence 

ae<I>(5^,g') 

= n I(7 “-p(i™)”7-”)If^'. 


Then, the Weyl integration formula (1-31) in terms of orbital integrals is given as in 
([RR] page 126) by 

[ f{y)dy= 2 (^%xrr. \ \K{xml)\TM{f){xml)d-i. 

1.2 Theorem. Let f s C^{G) and S be a maximal torus of H. Let Xm ^ ^ 5 - 

1. There exists a compact set 11 in such that, for any 7 in the complementary 
of Ll with Xml ^ , one has Ai(f)(xml) = 0. 

sup \M{f){Xml)\ < +00. 

7s5a; 


Proof : 

The proof follows that of the group case (cf. [HC3] proof of Theorem 14). We write 
it for convenience of the reader. 

1. Let to be the support of /. We consider the set tos of elements 7 in such that 
Xml is in the closure of HtoH. For g e G, we consider the polynomial function 

det(l - f - Ad p{g)) = G + qn-iig)d'~^ + ... + qi{g)t^ (1.35) 

where I is the rank of G and n its dimension. Each qj is a. H x H biinvariant regular 
function on G, thus it is bounded on Xm^xs- Therefore, the roots of det(l — t — 
Ad p{g)) are bounded on Xm^s- 

For 7 e we have p{xml) = p{xm)l~‘^■ We choose a hnite extension F' of F 
such that F splits over F' and p{xm) ^ Using notation of (1.27), the roots of 

det(l — t — Ad p{xml)) are the numbers (1 — p{xm)^l~‘^'^) for a e <F(S'(,,g'). Since 
these roots are bounded on Xm^Si we deduce that the maps 7 ^ 7", a e <|)(S'(,., g'), 
are bounded on uos- This implies that oos is bounded. Then, the closure H of oos 
satishes the hrst assertion. 
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2. By i., if 7 ^ then Ai{f){xm'y) = 0. Thus, it is enough to prove that for each 
7 o e 5'o-, there exists a neighborhood of 70 in such that 

sup \M{f){xm'j)\ <+^- (1-36) 

7sVCyQ,x,„7EG‘^-'-'=9 

Let yo := p(xm7o)- We hrst assume that yo is central in G. Then, we have 
A^(xm7o7) = ^g(2/o7”^) = ^g( 7”^) for 7 ^ and x^ 7 Qh{x^ 7 Q)-^ e H for 
h e H. We dehne the function /o on G by fo{g) := f{xm7og)- Then, we have 
Wl(/o)( 7 ) = ■M.(f)(xm7o7) for 7 e 5'o- n Thus, we are reduced to the case 

yo = 1- As in the group case, we use the exponential map ”exp” which is well 
dehned in a neighborhood of 0 in g since the characteristic of F is equal to zero 
(cf. [HC4] §10). As in ([HCl] proof of Lemma 15), we can choose a //-invariant 
open neighborhood Vq of 0 in such that the map A e Vq •--> exp(TA) is an 
isomorphism and an homeomorphism onto its image and there is a //-invariant 
function ip e C“(f)) such that (p(A) = 1 for A e Vq. We dehne / in by 

/(A) = ip{X) /(/iexp(rA))d/i. 

Let s be the Lie algebra of S. For A e s, we set g{X) = |det(adA)(,/ 5 |F. We 
consider a hnite extension F' of F such that 5 splits over F' and p{xm) ^ 

We use notation of (1.27). Since each root of S'^ in g' has multiplicity 2 , we have 
for X E Vo 

|A<^(expTA)|p(^ |//G'(exp(- 2 rA)|p(^ Hashes',f,') I 

V{X) ~ v{X) ~ na.$(S' 7 ol«(^)lF' 

io_il<i-(5',h')| 1-7 : 4r^a(A)2 

= |2'r|pd II |l + ra(A)H---h ... |f'. 

as<I>(5',fi') 

We can reduce Vq in such way that each term of this product is equal to 1. Thus, 
we obtain 

Af(/)(expTA) = | 2 T|i,^^^'’'’'^'? 7 (A)W f ( f f{hexpTAd{l)X)dh)dl 

JH/S JH 

- \2t\'P^'-'''7(x7^ f /(Ad(;)x)<i;, 

JH/S 

for A e Vq. The estimate (1.36) follows from the result on the Lie algebra (cf. [HC3] 
Theorem 13). 

If yo = p{xm7o) is not central in G, we consider the centralizer ^ of yo in 
Let be the connected neutral component of Z. By ([Bo], III.9), the group ^ is 
dehned over F. As usual, we set Z := ResE/F(^° xp E) and we denote by 3 its Lie 
algebra. By dehnition of 3 , one has 

|det(l - Ad(yo))0/3lF A 0. 
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Thus, there exists a neighborhood i/ of 1 in So- such that, for all 'y s V, then 

|det(l - Ad(?/o 7 "^))g/j|F = |det(l - Ad{yo)g/i)\F A 0. (1.37) 

From ([HC3] Lemma 19), there exist a neighborhood Vi of yo in S and a compact 
snbset Cq of Z^\G such that, if e G satsihes g~^Vig n p{u)) ¥= 0 then its image g 
in Z^\G belongs to Gq (here to is the support of /). 

We choose a neighborhood hF of 1 in So such that VF c 1 / and p(xm 7 o 7 ) = 
?/o 7 “^ e Vi for all 7 e VF. By ([Bo], III 9.1), the quotient Z^\H is a closed snbset of 
Z°\G, hence 

the set G := Go n Z^\H is a compact subset of Z\H such that ii I s H 
satishes l~^yQ'j~‘^l e p{u}) for some 7 e hF then its image I in Z^\H (1.38) 
belongs to G. 

Let 7 e VF snch that Xmjol ^ One has 

f r f{hxmlo'll)dhdl = f f f f{hxmlolil)dhd^dl. (1.39) 

JS\H JH JZ°\H Js\Z° JH 

By the choice of VF, the map 

I e Z\H r r f{hxmlol^l)dhdi 

Js\Z0 Jh 

vanishes outside C. We choose u e C^{H) such that the map u e Gf‘{Z\H) dehned 
by u(l) := ^^0 u0l)d^ is equal to 1 if / e G. As u and / are compactly supported, 
the map 

^ : z e Z^ r u{l) f f{hXm'yozl)dhdl 

Jh Jh 

is well-dehned. Since y^ = p{xm1o) = ixmJo)~^cr{xm'yo), we have 
0Xmlo)~^(^{Xm7o) = {Xmlo)~^Cr{Xm7o)^ for ^ G 2:°. Hence, Xm7oC{Xm7o)~^ e H. 
Thus <h is left invariant by Z^. 

We claim that <F e G^{Z^\Z^). Indeed, £x I in the snpport of u. If /(hxm'yozl) 
is nonzero for some h s H and z e Z^ then p{hxmlozl) = p{xm'Jozl) belongs to 
p{u)), where u is the support of /. Since 2 ; commutes with yo = pi^Xmlo), we have 
p{xmlozl) = l~^yop{z)a{l). As u is compactly supported, we deduce that <F(z) = 0 
when p{z) is outside a compact set. Hence, the map $ is a compactly supported 
function on Z\Z^. 

By assumption, the function / is right invariant by a compact open subgroup of 
G. Thus / is right invariant by some compact open subgroup of H. We denote by 
Tif the right translate of / by an element / e G. Since u is compactly supported, 
the vector space generating by p/, when I e H runs the support of u, is hnite 
dimensional. Hence, one can hnd a compact open subgroup A of such that for 
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each I in the support of u, the function Tif is right invariant by Ji. This implies 
that $ is smooth and our claim follows. 

Therefore, there exists Lp s (7* (2^) such that 


$(2;) = <p{iz)d^ = u{l) f{hxm 1 ozl)dhdl, 

Jzo Jh Jh 


ze Z^. 


We obtain 


f f <^{^i'1^2)d^id^2 = f m( 0( f f f{hXmJol^2l)dhdC2)dl 

Js\z° Jz° JH Js\z° Jh 

= f f «(60( f f f{hXmJo1^2^il)dhd^2)d^idl 

Jz°\H Jz° Js\zo Jh 

= f u(J){ [ r f{hxmloli2l)dhd^2)dl. 

Jzo\H Js\z° Jh 

By dehnition, the map u is equal to 1 on the compact set C. By dehnition of C (cf. 
(1.38) and (1.39)), we obtain 


I I 

Js\Z° Jzo 




I I 

Js\H Jh 


f{hxm7o7l)dhdl. 


By (1.37) and the choice of Vh, one has 


|^g(2/o7 ^)|f = \Dzo{7 ^)|F|det(l - Ad(|/o))g/j-|F, 7^W. 

Then, we deduce that for 7 e Vh satisfying Xm7o7 ^ one has 

^(/)(a;m7o7) = |det(l - Ad(yo))g/3lFl^io(7"^)lF^ f f A^i7^2)d^id^2- 

Js\Z0 Jzo 


Since |71 jo(7“^)|f coincides with the function |Ao-|f for the group evaluated at 
7 (cf. (1.29)), one deduces the estimate (1.36) for / applying the hrst case to 
dehned on Z^. 


2 Geometric side of the local relative trace for¬ 
mula 

2.1 Truncation 

In this section, we will recall some results of ([Ar3], §3), needed in the sequel. We 
keep notation of §1.1 for the group H. Since H is split, one has Mq = Aq. We £x 
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a Levi subgroup M e C{Aq) of H. Let P e V[M). We recall that Am denotes the 
maximal split connected component of M. 

We denote by Sp the set of roots of Am in the Lie algebra of P, Sp the subset 
of reduced roots and Ap the subset of simple roots. 

For P s Ap, the ’’co-root” P e um is dehned as usual as follows: if P e P(Ao) 
is a minimal parabolic subgroup, then P = 2{P, P)~^P, where Oq identihes with oq 
by the scalar product on oq. In the general case, we choose Pq e P{Aq) contained 
in P. Then, there exists a unique a e Ap^ such that P = Q;|aM- The ’’co-root” P is 
the projection of a onto qm with respect to the decomposition oq = om ©Oq^- This 
projection does not depend of the choice of Pq. 

We denote by Op the positive Weyl chamber of elements X e om satisfying 
a{X) > 0 for all a e Sp. 

Let M e C{Aq). A set of points in om indexed by P e V{M) 

y = yM-.= {YpeaM-,P^V{M)] 


is called a (P, M)-orthogonal set if for all adjacent parabolic subgroups P, P' in 
V{M) whose chambers in om share the wall determined by the simple root a e 
Ap n (—Ap/), one has Yp — Y^ = rp^pia for a real number rp^p/. The orthogonal set 
is called positive if each of the numbers rpp/ are nonnegative. This is the case for 
example if the number 


d{y) = inf a(yp) 

{aeAp;PeV(M)} 


( 2 . 1 ) 


is nonnegative. 

One example is the set 

{-hp(x);PGP(M)}, 


dehned for any point x e H. This is a positive (P, M)-orthogonal set by ([Arl] 
Lemma 3.6). 


If L belongs to C{M) and Q is a group in P{L), we dehne Yq to be 
the projection onto ap of any point Yp, with P e P(M) and P ca Q. 
Then Yq is independent of P and yp := {Yq-,Q e P{L)} is a {P[,L)- 
orthogonal set. 


We shall write iSm(A’) for the convex hull in aM/ap of a (P, M)-orthogonal set 3^. 
Notice that iSm(A’) does only depend on the projection onto of each Yp e 3^, 
Pe P(M). 

Let P e V[M). If each Yp is in the positive Weyl chamber Op (this condition is 
equivalent to say that d{y) is positive), we have a simple description of »Sm( 3 ^) n ap 
([Ar3] Lemma 3.1). We denote by {oJ^P)^sAp the set of weights, that is the dual basis 
in (a^)* of the set of co-roots { 7 ; 7 e Ap}. Then, we have 


Sm( 3 ') = {V e - Kp) < 0,7 6 Ap). 


(2.3) 
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We now recall a decomposition of the characteristic fnnction of SM{y) valid when 
y is positive, (cf. [Ar3] (3.8)). Snppose that A is a point in whose real part 
A_r e is in general position. If P e V{M), we dehne Ap the set of simple roots 
a e Ap such that Ap^a) < 0. Let ipp be the characteristic function of the set of 
X e um such that u^{X) > 0 for each a e Ap and u^{X) ^ 0 for each a in the 
complement of Ap in Ap. We dehne 

aM{X,y):= Y, (-l)l^pl4(A-yp). (2.4) 

PeV{M) 

By ([Ar3], §3 p 22 ), the function aM{-,y) vanishes on the complement 
of SM^y) and is bounded. Moreover, if y is positive then aM{-,y) is (2.5) 
exactly the characteristic function of »Sm( 3 ^)- 

The following Lemma will allow us to dehne the minimum of two orthogonal 
sets. 

For P e V{M), we denote by the set of coweights, that is the dual 

basis in of the roots { 7 ; 7 ee Ap}. 

2.1 Lemma. Let P and P' two adjacent parabolic subgroups in V{M) whose cham¬ 
bers in om share the wall determined by the simple root a e Ap n (—Ap/). Then: 

1 . For all (3 in Ap — {a}, there exists a unique (3' in Ap/ — {a} such that (3' = 
13 + kga where kg is a nonnegative integer. Moreover, the map (3 ^ (3' is a 
bijection between Ap — {a} and Ap/ — {—«}. 

2. For all (3 in Ap — {a}, one has Cj^', = . 

Proof : 

We denote by N the set of nonnegative integers and by M* the subset of positive 
integers. 

1. As P and P' are adjacent, we have Sp/ = (Sp — {a}) u {—a}. Let P e Ap — {a}. 
If /5 e Ap/ then we set P' := p. 

Assume that P is not in Ap/. Since P s Sp/, there exists 0 c Ap/ — {—a} such that 
P = Xi5E0 where the n^’s are positive integers and kg is a nonnegative 

integer. Each 5 in 0 belongs to Sp. Therefore, there are nonnegative integers 
such that 5 = rs^rjV- We set Pi := ns5 = P + kga. 

Let 7 e Ap — {a}. If 7 ^ /9, one has Pi{ojf^) = Pioj^) = 0. Thus, for each 5 e 0, 
we have rs^j = 0 , hence 6 = rs^gP + rs^aOi. 

On the other hand, one has Pi{ug) = P{Cjg) = 1. Thus, for all h e 0, one has 
= 1. Since ns e M* and rs^g e N, one deduces that there exists a unique 
ho e 0 such that rs^^g A 0 and we have = rg^^g = 1. This implies that 0 = {ho} 
and P = 60 — kga. We can take P' := ho. Hence, we obtain the existence of P' in all 
cases. 


22 


If j3[ e Ap/ satisfies = P + k^a then /?' = /3( + {kp — kjj)a. Since the roots I3[, 
(3' and —a belong to the set of simple roots Ap/, we deduce that j3[ = {3'. This gives 
the unicity of j3'. 

Let 7 and /3 be in Ap such that 7 ' = f3'. Then we have /3 = 7 + {k^ — kp)a. 
Since 7 , (3 and a belong to Ap, the same argument as above leads to /5 = 7 . Hence, 
the map /? 1 —> /3' is injective. 

2. Let (3 e Ap —{a}. By dehnition, we have (3' = (3 + ki 3 a s Apr — {—a} with kp s N. 
Thus we have a{Cjp!) = a{Co^) = 0 and l3{Cj^r') = (3'{cuP') = 1. If 7 e Ap — {(3, a}, 
then 7 ' = 7 + k^a is different from f3' by (i.), thus we have ^{Cj^r) = 7 '(a;|’/) = 0. 
One deduces that □ 


For and in qm, we denote by inf^{y^,y^} the unique el¬ 
ement Z in such that, for all 7 e Ap, one has = (2.6) 

2.2 Lemma. Let = {Y},,P e V{M)} and = {Y^, P e V{M)} he two {H, M)- 
orthogonal sets. Let Z := inf(3^^,(y^) he the set of Zp := inf^{Fp,y|,} when P 
runs P(M). 

1. The set Z is a [H, M)-orthogonal set. 

2. If d{y^) > 0 for j = 1,2 then d{Z) > 0. In this case, the convex hull Sm{Z) 
is the intersection o/iSm((V^) and 

Proof : 

1. Let P and P' two adjacent parabolic subgroups in V{M) whose chambers in om 

share the wall determined by the simple root a e Ap n (—Ap/). Let 7 e Ap — {a}. 
By dehnition of orthogonal sets, for j = 1 or 2, one has {Cjf^,Yf,) = {u!^,Yp,). 
By Lemma 2.1, we have uj^ = . Hence we obtain {Cj^,Zp) = (uyfZpr) and 

{ujy,Zpr) = {uj^,Zpr). Since the scalar product on oq identihes om to a^, one 
deduces that Zp — Zpr is proportional to a. 

2. Let j e {1,2} and P e V{M). By dehnition, we have d{y^) > 0 if and only if 
a{Yf,) > 0 for all a e Ap. By ([Arl] Corollary 2.2), this implies that {Cj^^Yf) > 0 
for all a e Ap. Let a e Ap. Writing 

y,; - (if,7)a + XI + X\ 

/SsAp—{0} 


with e ap, the condition aiYff) > 0 is equivalent to 


Yj (^7 ’ ^p)[-(/^’ “)] < yp){.a, a). 

geAp-{a] 
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Since the real numbers {uj^,Yp) for j3 e Ap and —{13, a) ior a ¥= 13 in Ap are 
nonnegative, one deduces that 

Yj (^^’>^^)[-(/^>«)] = S inf 

/3eAp —{«} ^sAp —{o} 

^inf( 2 {u}^,Y^)[-{/3,a)], Y ^p)[-(/^> «)]) 

/3gAp —{a} /3 gAp—{ a} 

< inf ((Af,Y^),(Af,yJ))(a,a) = {ui^, Zp){a,a). 

One deduces that a{Zp) > 0 for a e Ap, thus d{Z) > 0. 

For the property of the convex hulls, it is enough to prove that, for all P e V{M), 
one has Op n n = Op n Sm{Z). By ([Ar3], Lemma 3.1), one has 

a^P n SM{y^) = {Xs a%-u^{X - y/)< 0,7 e Ap}. 

Since Cj^ = for j e Ap, where is a positive real number, the assertion follows 
easily. □ 


2.2 The truncated kernel 

We consider the regular representation i? of G x G* on L‘^{G) dehned by 

{R{yi,y2)(l)){x) = (I){yi^xy2), L‘^{G),yi,y2 e G. 

Consider / e G“(G x G) of the form f{yi,y 2 ) = fi{yi)f 2 {y 2 ) with fj s G®(G). 
Then 

R{f) ■= f f fi{yi)f2{y2)R{yi,y2)dyidy2 

Jg Jg 

is an integral operator with smooth kernel 


Xf{x,y)= f h{xg)f 2 {gy)dg = [ fi{g)f 2 {x ^gy)dg. 

Jg Jg 

In our case {H is split), one has Ah = Aq, and the kernel Kf is invariant by 
the diagonal diag{AH) of Ah- Since H is not compact, we introduce truncation to 
integrate this kernel on diag{AH)\{H x H). 

We £x a point T in ao,F- If Po ^ P{Aq), let Tp^ be the unique translate by the 
Weyl group W{H,Aq) of T in the closure dp^ of the positive Weyl chamber Up^. 
Then 

yT:={Tp,-,PoeV{Ao)} 

is a {H, Ao)-orthogonal set. We shall assume that the number 


d{T) : = 


inf 

asApg, PoSp(Ao) 


a{Tp^) 
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is suitable large. This means that the distance from T to any of the root hyperplanes 
in oo is large. 


We denote by u{-,T) the characteristic function in Ah\H of the set of 
points X such that 

X = kiak^ with a e ki, k 2 ^ K and hAo{o) ^ SaqO^t)^ 

where H = KAqK is the Cartan decomposition of H. 


(2.7) 


We consider u{-,T) as a y4ji/-invariant function on H. Thus, there is a compact set 
Qx of H such that if u{x, T) ^ 0 then x s Ah^It- Let hi be a compact subset of G 
containing the support of /i and / 2 . We consider g ^ G and Xi,X 2 e H such that 
fi{g)gx 2 )u{xi,T)u{x 2 ,T) ^ 0. Thus, there are a;i,a ;2 in VLt and 01,02 in Ah 
such that xi = toiOi, X 2 = 0020.2 and we have g ^ and x^^gx 2 = gu 2 ai^a 2 e 
since Ah = Ac- One deduces that 07^02 lies a compact subset of Ah- Therefore 
the map {g,Xi,X 2 ) •—> fi{g)f 2 {xi^gx 2 )u{xi,T)u{x 2 ,T) is a compactly supported 
function on G x diag{AH)\{H x H). 

Hence, we can dehne 


K 


\f) ■■= \ 

Jdia 


/ diag{AH )\H x H 

By Fubini’s Theorem, we have 


Kf{xi,X2)u{xi, T)u{x 2, T)d{xi, X2). 


K 


Jg Jdi 


fi{ 9 )f 2 {xi ^gx2)u{xi,T)u{x2, T)d{xi, X2)dg. 

)diag{AH)\HxH 

We apply the Weyl integration formula (1.33). Thus, we obtain 

^^if)= Tj Tj Tj [ K'^ixm,7J)d7, 

MeC{Ao) SeTm 

where, for S e Tm, Xm ^ i^s and 7 e Fo-, we have 

K^{Xm,7J) = \ f fl{yi^Xm7y2) 

Jdiag{AM)\HxH Jdiag{AH)\HxH 


( 2 . 8 ) 


xA)®! Vi 'x„7y2X2)n{xi,T)Ax2,T)‘l{xi,X2)d{yi,y2). 

We recall that each Xm in ks and 7 in S'o- commute with Am for S e Tm- 
We hrst replace (a;i,X 2 ) by ( 2 / 1 X 1 , 7 / 2 X 2 ) in the integral over (xi,X 2 ). The resulting 
integral over diag{AH)\H x H can be expressed as a double integral over a e Ah\Am 
and (xi, X 2 ) e diag{AM)\H x H which depends on (7/1, 7 / 2 ) e diag{AM)\H x H. Since 
Am commutes with Xm e and 'y e S„, we obtain 
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K'^ixmnJ) = \^Axm'y)\F'^ \ fi{yi^Xm'yy2) 

Jdiag(AM)\fi'X H Jdiag{AM)\H x H 


x/2(a:i ^XmJX 2 )uM{xi,yi, X 2 , y 2 , T)d{xi, X 2 )d{yi, 2/2) (2.9) 

where 


UM{xi,yi,X2,y2,T) = u{y^^axi,T)u{y2^ax2,T)da. 

JAh\Am 

Our goal is to prove that K^{f) is asymptotic to an expression J^{f) where 
J^(/) is obtained in a similar way to K'^{f) where we replace the weight func¬ 
tion UM{xi,yi, X2,y2,T) by another weight function VM{xi,yi, X2,y2,T) dehned as 
follows. 

We fix M e C{Aq) and P e V{M). Let Pq e V{Aq) be contained in P. We denote 
by Tp the projection of Tp^ on aM according to the decomposition oq = om © ■ 

By (2.2), the set yhiiT) := {Tp; P e V{M)] is a (iL, M)-orthogonal set independent 
of the choices of Pq. Moreover, by ([ArS] (3.2)), we have d{yM{T)) ^ d{T) > 0. 
Thus, yuiT) is positive. 

For X, y in H, we set 


Yp{x, y, T) := Tp -h hp{y) - hp{x). 

By ([Ar3], page 30), the set yM{x, y, T) := {yp(x, y,T);Pe V{M)} is a {H, M)- 
orthogonal set, which is positive when d{T) is sufficiently large relative to x and y. 

For Xi, X2, yi and y 2 in FT, we set 

Zp(xi,yi,X2,|/2,T) := inf^(yp(xi,?/i,T),yp(x2,?/2,T)) (2.10) 

where inf"^ is dehned in (2.6) and 

yM{xi,yi, X 2 , 2/2, T) := {Zp(xi, 2/1, X2,2/2, T);Pe P(M)}. (2.11) 

By Lemma 2.6, the set yulxi, yi,X 2 , 2/2, T) is a {P[, M)-orthogonal set. Moreover, 
when d(T) is large relative to Xj, 2/i, for i = 1,2, one has d{yM{xi, yi,X 2 , 2/2, T)) > 0, 
hence this set is positive. We dehne the weight function vm by 

VM{xi,yi,X2,y2,T) ■= \ crM{hM{a),yM{xi,yi,X2,y2,T))da ( 2 . 12 ) 

JAh\Am 

where aM is dehned in (2.4). 
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We set 


i; CM 


MeC(Ao) 


Sg'T'm Xm^f^S 


2 Zi f (2.13) 

?(=T'n^ rr-^PK.o ^ So- 


where 



x/2(xi ^Xm7a^2)'yM(a:i, ?/i, ^2,1/2, r)c?(xi, X2)d{yi, y2). 


Our main result is the following. We will prove it in section 2.4. 

2.3 Theorem. Let h > 0. Then, there are positive numbers C and e such that for 
all T with d{T) ^ one has 




(2.15) 


2.3 Preliminaries to estimates 

We fix a norm || • || on (7 as in (1.15). Let F' be a finite extension of F. We set 
G0= G xp F' and G' := G'(F'). One can extend the absolute value | ■ |f to F', and 
the norm || ■ || to G'. For x, y in G', we set 


{x,y)\\ := ||x||||?/|| 


To obtain our estimates, we will use notation of (1.18) and (1.19). Since the 
norm takes values greater or equal to 1, we will freely apply the properties (1.20). 

2.4 Lemma. Let S be a maximal torus of H and let M be the centralizer of As in 
H. We fix Xm ^ G n MS„ = M n MS„ . Then, one has 


inf II (sx^^xi, 5 x 2)11 < inf ||(s'x^^xi, s'x 2 )||, Xi,X 2 ^H. (2.16) 



Proof : 

Since H^Ah is of finite index in H, using (1.21) we may assume that Xi,X 2 belong 
to H^Ah- Since Aq = A^, using the invariance of the property by the left action 
of diag^Au) on (xi,X 2 ), it is enough to prove the result for xi e and X 2 = 022/2 
with 02 e Ah and y 2 ^ 

To establish (2.16), we first assume that As = Ah which implies that the quotient 
Ah\S is compact. By (1.21), there is a positive constant G such that 


inf II (sx^^Xi, 5x2)11 A, G inf ||(ax^^xi, 0 x 2 )!! 
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We deduce from (1.17) that 


\{ax^xi,ax2)\ ^ ||x^^||||ap||a2||||xi||||y2||. 

Taking the lower bound in a e there is a positive constant Ci such that 

inf II(sx"^xi, 5 x 2)11 < C*!IIxiIIII 02 IIII 2 / 2 11- (2.17) 

seS 

We now use the following Lemma of [Ar3] (Lemma 4.1): 

If So is a maximal torus of H with Ah\S compact, then there exists an 
element Sq e 5*0 such that ^2 3 ^ 3 ^ 

ll?/H ll?/"^So2/||, y^H\ 

We apply this Lemma to 5*0 = S. Since iS(F') commutes with sq, using the property 
(1.17) of the norm, one deduces 

II2/2II < ||s'2/2|H|so||, y 2 ^H\s'eS{F'). ( 2 . 19 ) 

On the other hand Si := XmSx^^ is a maximal torus of H which satishes Ag^ = Ah 
since e G n MS„ . Applying (2.18) to Sq = Si, there exists si e S' such that 

||xi|| < ||xh^XmSix“^Xi||, xi e iLh (2.20) 

The same argument as above leads to 

||xi|| < ||s'x“^xip||si||, xi e s'e ^(F'). ( 2 . 21 ) 

Then, by (2.17), (2.19) and (2.21), and applying the properties (1.20), we deduce 
that 

inf II(sx“^xi, 5022/2)11 < ||s'x“^xi||||s'2/2||||o2||, s' e 5 (F'), xi, 2/2 e 02 e A^. 

seS 

( 2 . 22 ) 


To obtain our result, we have to prove that 
||s'x;;^xi||||s'2/2||||o 2|| < ||(s'x;;^xi,s'a22/2)||, s'e A(F'),xi, 2/2 e 77 \o 2 e A^. ( 2 . 23 ) 

We can write ^ = TA fj where T is a maximal torus of the derived group 

We set T' := T(F') and A'^ := Aji^(F'). Then T' is contained in H'^. Moreover, 
the intersection of T and A^j is hnite. Hence, one has the exact sequence 



Going to F'-points, the long exact sequence in cohomology implies that T'A'^ is of 
hnite index in 5(F'). By (1.21), it is enough to prove (2.23) for s' = t'a' e F(F') with 
t' e T' and a' e A'jj. By (1.5), if xi e then xi e H'^ c G'^ and x^xiXm e G'^. 
Since H is split, we have A'^j = A'q. Then (1.23) gives 


\a't'x^xi\ % \a't'x^xiXm\ ||a'|| 


a e Ajj, t' e T', xi e 


and 

\\a't'y2\\ % IIa'II \\t'y2\\ a' e A'^,t' ^ T',y2 e . 


Applying (1.20), we deduce that 
||Fa'x“^Xi||||a'F|/2||||a2|| % ||a2||||a'f ||Fx“^XiXm||||F?/2|| % ||a2||||a' 


||||FxJxix,„||||F|/ 2 ||, 


(2.24) 

for t' e T', a' e A'jj, xi, 1/2 e 02 e Ah- 
Let us prove that 


IIa'IIIIa'a2II IIa'IIII02II, a'e A'jj,a2 ^ Ah- ( 2 . 25 ) 

We have ||a'a 2 || < ||a'||||a 2 || by (1.17). Then ||a'||||a'a 2 || < (||a'||||a 2 ||)^ since 1 ^ ||a 2 ||. 
As ||a'|| = ||a'a 2 a^^|| < ||a'a 2 || ||a 2 ||, we have ||a'||||a 2 || < (||a'a 2 ||||a 2 ||)^ and (2.25) follows. 
Applying (2.25) in (2.24), we deduce that 


||Fa'xJxi||||aT'2/2||||a2|| < ||a'||||FxJxiX™||||a'a2||||t'?/2||, 

for t' e T', o' e A’^, xi, 2/2 ^ 77^, 02 e Ah- 

Since x^H^Xm ^ G'^ and A'^ = A^, we obtain from (1.23) 

la'll||Fx"^xiXm|| % ||a'Fx;;^xiXm|| ^ ||a'Fx;;^xi||, o' e A'^A' ^ T',xi e 


(2.26) 


and 

||o'a 2 |||| 7 'l/ 2 || ||a'a 2 f' 2 / 2 ||, o' e A'jj,t' ^ T',a 2 e Ah, 2/2 e H^- 

Applying this in (2.26) and using (1.20), we deduce that 

||Fa'x"^xi||||a'F2/2||||a2|| < ||a't'x"^xi||||a't'a22/2|| ^227) 

for o' e A'jj, t' e T', xi, 2/2 ^ 

Then, the property (2.23) follows. This hnishes the proof of the Lemma when Ah\S 
is compact. 

We now prove (2.16) for any maximal torus S of H. Let As be the maximal 
split torus of S and M be the centralizer of A 5 in H. Thus we have Am = As 
and Am\S is compact. Let P = MNp e V{M) and let AT be a compact subgroup 
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of H such that H = PK. Each x e H can be written x = mp{x)np{x)k{x) with 
mp{x) s M,np{x) s Np and k{x) s K. Then, there is a positive constant C such 
that 

inf II 5 x 2)11 ^ C'hif (||sx“^mp(xi)||||smp(x 2 )||)||np(xi)||||np(x 2 )||, (2.28) 

seS seS 

for xi,X 2 e H. By assumption on Xm, there are hm ^ M. and am ^ ^ such that 
Xm = hmCim ^ M. Heuce, we can applied the hrst part of the proof to (M, S) instead 
of {H,S). Therefore, we obtain 

inf II (sx“^xi, 5 x 2)11 < inf (||5'x“^mp(xi)|| ||5'mp(x2)|| ) ||np(xi)|| ||np(x 2 )||, xi,X 2 ^H. 

seS s'eS{F') 

To compare the right hand-side of this inequality to those of (2.16), we will use the 
Iwasawa decomposition (1.12) of H' . Let K' be a compact subgroup of H' such 
that H' = P(F')/T' = M{¥')Np{¥')K' . According to (1.13), each y in H' can be 
written y = m'p{y)n'p{y)k' with m'p{y) s M(F'), n'p{y) e iVp(F') and k's K'. Then 
for X s H and 2 ; e M(F'), we have zx = zmp{x)np{x)k = m'p{zx)n'p{zx)k' with 
k e and k' e K' . Hence, since K and K' are compact snbsets, there is a positive 
constant C snch that 

||np(zx)“^mp(2;x)“^zmp(x)?7,p(x)|| ^ C", 2;eM(F'),xe H. 

Since zmp{x) e M(F') for 2 : e M(F') and x e H, we deduce from (1.22) that there 
is a positive constant Ci such that for x s H and 2 ; e M(F'), one has 

\\n'p{zx)~^m'p{zx)~^zmp{x)n'p{zx)\\ < Ci and ||np( 2 ;x)“^np(x)|| ^ Ci. 

By (1.17), we obtain 

||2;mp(x)|| < Ci||mp(2;x)||||np(2;x)p and ||?7,p(x)|| < Ci||?7,p(zx)||. 

Using (1.22) again, it follows that 

|| 2 rmp(x)|| < ||^a:||, and ||np(x)| < ll^^a;!, 2 ; e M(F'),x e 77, 

hence by (1.20) 


|| 2 ;mp(x)||||np(x)| < || 2 :x||, 2 ; e M(F'), x e 77. (2.29) 

We dednce that 

||5'mp(x2)||||np(x2)| < ||5 'x2||, 5 'e ^(F'),X 2 e 77. (2.30) 

Since Xm = with hm ^ M. and ^ one has Xms'x^ e ^ r\ H' = M(F') 

for s' e ^(F'). Therefore, we deduce from (2.29) that 

||xmS^a;“^mp(xi)|| ||np(xi)| < ||xm5'x“^xi||, 5 'e 5(F'), xi e 77. (2-31) 
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Since \s'x^mp[xi)\ ^ ||x“^||||xms'x“^mp(a;i)|| and ||a:ms'a:“^a;i|| ^ ||xm|| 
we deduce the estimate (2.16) from (2.28), (2.30) and (2.31). This hnishes the proof 
of the Lemma. □ 


The following Lemma is the analogue of Lemma 4.2 of ([Ar3]). 

2.5 Lemma. Let S be a maximal torus of H and let Xm ^ i^s- Then, there is a 
positive integer k with the property that, for any given compact subset hi of G, there 
exists a positive constant Cq such that, for all j e with Xml e (7°'“'’®^, and all 
Xi,X 2 in H satisfying xf^Xm 1 X 2 e 12, one has 

inf ||(sx“^a;i,sx 2 )|| < . 


Proof : 

Let F' be a hnite extension of E such that jS splits over F'. Recall that we can write 
Xm = hmttm with hm ^ fL ^ud am ^ S_^- Thus we may and will choose F' such that 
hm e ^(F') and Om ^ iS^(F')- For convenience of lecture, if J is an algebraic variety 
dehned over F, we set J' := J(F'). 

By the previous Lemma 2.4, it is enough to prove the existence of a positive 
integer k satisfying the property that for any compact subset 12' of , there 

exists Cq/ > 0 such that 

inf (||s'x;;^xi||||s'a; 2 ||) < C'Q/|A^(a;m 7 )|p^ (2.32) 

s'eS' 

for all xi,X 2 e H' and j ^ satisfying Xm'y ^ and xf^Xm'yx 2 ^ 12'. 

Let B' = S'N' be a Borel subgroup of H' containing S' and K' be a com¬ 
pact subgroup of H' such that H' = S’N'K' = N'S'K’. We can also write 
H' = {hmS'hi^){hmN'hiff){hmK'hi^). By (1.21), one can reduce the proof of the 
statement for xi e {hmS'hi^){hmN'hi^) and X 2 e S'N'. 

Let xi = hmSiUih^ and X 2 = SiS 2 n 2 with Si,S 2 e S' and ni,n 2 e N'. Since 
Xm = hmam, we have XmSix^ = hmSihiff, hence for s' e S', we have s'xiffxi = 
s'xi^XmSixi^hmnihi^ = s'sixi^hmUihi^. We obtain 

inf (||s'a;”^ 2 :i||||s'a; 2 ||) = inf (||s'x-^h™ni/i"^|| ||s's 2 ||). 

S Go S Go 

Notice that Xf^XmlX 2 = = hmnf^h:;^XmlS 2 n 2 . 

Therefore, we are reduced to prove (2.32) for Xi = hmUih^ with ni e N', 
X 2 = S 2 n 2 with n 2 e N', S 2 e S' and ■j e So- such that XmS is a-regular and 
^ 12h By the properties of the norm, there is some positive constant G' 

such that 

in|^ (||s'x“^xi||||s'x2||) < G'||ni||||s2||||n2||, Xi = hmnihif^,X2 = 52^2. (2.33) 
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We want to estimate ||ni|| ||s2|| ||n2|| when xi = hmnih^ and X2 = S2?^2 satisfy 
Xi^XmJX2 e For this, we use the isomorphism \I/ from G' to H' x H' dehned 
in ( 1 . 26 ). If X e H' then \l/(a:) = {x,x) and if y e G satishes y ^ = a{y) then 
^{y) = We set (|/i,2/2) := '^{x'^^XralX2). Then, we have 

yi = hmn];^am'yn2S2 = hm(nh^Om7’^2(am7)”^)(am7S2), 


and 

2/2 = hmnh^a"S”V2S2 = ^a'S~^^27am) (am7)”^'S2- 

Since H' = N'S'K', the condition x^^Xm1X2 e implies that there exist two 
compact subsets N' and c S' depending only on ff' such that 

nh^am7n2(a^7)"^ e and nh^a”S”^’^ 27 am e ^n, 

0^752 e ^s, and (am 7 )"^S 2 e ^s- 

We deduce from the second property that S2 and 7 must he in compact subsets of 
S'. We set 

z/i(7,ni,n2) := amjn2{ajnj)~^ and 1^2(7,^2) := ?^^^(«m7)~^^^2am7• 

We consider the map ^|J from N' x N' into itself dehned by 'i/j{ni,n2) = (1^1,122). 

Recall that <F(S", f)') denotes the set of roots of S' in the Lie algebra f}' of H' (cf. 

1 . 27 ). Let n' be the Lie algebra of N'. For a e <I)(S", f)'), we denote by e n' 
the root vector in [)' corresponding to a. Then [ami) acts on by := (0^7)"- 
The differential d(^ni,n2)''P of 4 ’ at (72,1,712) e N' x N' is given by d(^ni,n 2 ) 4 {^i^ ^2) = 
(Ad(am 7 n^^(am 7 )”^)f^i, Ad((am 7 )"^n 2 '^am 7 )y 2 ) where 

Yi = -Ad{ni)Xi + Ad(am7)Ad(722)W2 

and 

Y 2 = -Ad{ni)Xi + Ad{am.'y)~^Ad{n2)X2. 

The map (Xi,X2) •—> (Fi,F"2) is the composition of the map (Xi,X2) •—> 
(Ad(?2i)Wi, Ad( 77 . 2 )W 2 ), whose determinant is equal to 1 , with de 4 where e is the 
neutral point of N' x N'. We deduce that the Jacobian of 4 at (tt-i, 722) is independent 
of (721,722). At the neutral point e e N' x N', we have de 4 {^a,d) = {—Xa,—Xa) 
and (ie' 0 (O, Xa) = {a^Xa, a^a^a)- Hence, the Jacobian of 4 is equal to 

I Y\ ««(l-«-2a)|F' = |det(Ad(am7))i,7s/|F'|det(l-Ad(am7)"^)i,Ys/|F' = |T>ii/((a^7)"^)|F'. 

Recall that x^J is assumed to be a-regular. Thus, by ( 1 . 29 ), one has X^{xml) = 

^ 0 • Then, arguing as in ([HC 2 ] proof of Lemma 10 and Lemma 11 ), 
we deduce that the map ^|J is an F'-rational isomorphism of ^ x ^ to itself whose 
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inverse (i^i,z^ 2 ) {ni,n 2 ) := ( 711 ( 7 , z/i, 1 ^ 2 ), ^^ 2 ( 7 , 1 ^ 2 )) is rational. Moreover, there 

is a positive integer k snch that the map 

(2/, ^2) ^ DH{,yf{ni{y, Ill, i22),n2{y, 122)) 

is dehned by an F'-rational morphism between the algebraic varieties S x N x N 
and ^ X Since 1 ^ 1 , Z 22 and 7 lie in compact snbsets depending only on fl', one 
dednces that there exists a constant Cw > 0 snch that 

||(ni( 7 , z/i, 1^2), ^2(7,711, z/2))II < C'n/|F> 77 '(«m^ 7 ”^)lF'^ = C'Q/|A^(xm7)|p^. 

The Lemma follows from (2.33) and the fact that S 2 lies in a compact set. □ 


2.4 Proof of Theorem 2.3 

Onr goal is to prove that |iL^(/) — J^{f) \ is bonnded by a fnnction which approaches 
0 as T approaches inhnity. By dehnition, and are hnite linear combina¬ 
tions of K'^f)d'y and f)d'y respectively, where M e £(4o), 

S' is a maximal torus of M satisfying As = Am and Xm ^ i^s (cf. (2.8) and (2.13)). 

We £x M e A(4o) and a maximal torus S' of M such that As = Am- Let 
Xm £ f^s- To obtain our result, it is enough to establish the estimate (2.15) for 
|A"^(xm,7,/) “ T^(^m, 7 , T)|(i 7 . This will be done in the Corollary 2.9 below. 

For e > 0, we define 

S,{e,T) := {ye < |A.(x^7)|f ^ e-^'TII}. (2.34) 


2.6 Lemma. 1. There exists £0 > 0 such that the map 7 i--» |Ao-(a;m 7 )|F^'’ is 
locally integrable on So-- 

2. Let £ > 0. Let B be a bounded subset of So and p be a nonnegative integer. 
Then, there is a positive constant Cb,p depending on B and p, such that 

r I log |A<^(a:m7)|p Yc^7 < CB,pe~"~^^ - 

JSa{£,T)nB 


Proof : 

1. The proof follows those of the group case, we use the similar statement on Lie 
algebras and the exponential map. We denote by s the Lie algebra of S'. For X e 5 , 
we set r]{X) = |det(adA|[,/s)|F. By ([HC3] Lemma 44), there exists £0 > 0 such that 
X r]{X)~‘^‘^° is locally integrable on s. To obtain the result, it is sufficient to 
prove that 


for each 70 e S'^-, there exists a compact neighborhood Uq of 1 such that 
the integral |Ao-(a;m 7 o 7 )lF ^°^7 converges. 

-JUo 


(2.35) 
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If Xm 7 o is cr-regular, there is a compact neighborhood Uq of 1 in Sa snch that 
|Acr(xm 7 o 7 )|F = |A(T(a:^m 7 o)|F ^ 0 for all 7 e Uq. Hence (2.35) is clear. 

We assnme that Xm 7 o is not a-regnlar. We choose an extension F' of E snch that 
F splits over F' and p{xm) ^ ^o-(F')- We use notation of (1.27). Let $0 be the set of 
root a in <F(iS'(,,g') such that p(xm 7 o)“ = 1- We set 


^(7)= n |1-p(^m7o)“7 ^"11' 

aE^>(Si,g')-4>o 


We have A^(a:m7o7) = Do'{p{xm^o)'y ^) = (ief(l - Adp(a;m7o)7 ^)|0/5 and each root 
of <|)(S'(r,gO has multiplicity 2. Hence, we obtain 

I(2:^707) IF'=1^(7) n 

a£<I>0 


We choose a compact neighborhood hF of 1 in Fo- such that = zy(l) ^ 0 for 
7 e W. Let /? = sup Y\ 1^ “ 7~^°'If'- Then, for 7 e VF, we have 

/3|A<,(xm7o7)|F' = /3z^(l) Yl ^ J"(1)I^<7(7)|f'- 

aE<I >0 

Consider the exponential map, there exist two open neighborhoods a; and [/ of 0 
and 1 in s and respectively, such that the map X > exp(rA) is well-dehned on 
00 and is an isomorphism and an homeomorphism onto U. For X s u, we have 


A„(exp(Tjf)|P 

ri{X) 


H 


X _ g 2 rQ:(X:) 

|a;(A)|F' 


We can choose a compact neighborhood Wq a; of 0 in s such that this product 
is a positive constant c and Uq := exp(ra;o) is contained in W. We deduce that 

|A,(i„ 707)I?'V7< (^)""J^ |A,(7)|;'V7- (^)"”cj vlxy^’-dx. 

The right hand side of this inequality is hnite by our choice of eo- Hence, we have 
proved (2.35). 

2. Let £0 > 0 as in 1. We set /p = | log |Ao-(a;m 7 )|p^|^d 7 . 

JSa{e,T)r^B 

If p is a positive integer, then there is positive constant C such that | \ogy\^ ^ 
for all y ^ 1. Since |Ao-(xm 7 )|F^ ^ ^ 1 for all 7 e Scr{e,T), we obtain 

4 < C" f |A^(a:m 7 )|p^°/^d 7 ^ C'e |A^(xm 7 )|p''°(i 7 . 

JSa{£,T)nB 
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If p = 0 then by definition of Scr{e, T), one has 

^=f |A^(x^7)|p^°|A<^(xm7)lF^7 ^ r |A^(a;m7)|p^M7. 

JSa{e,T)nB Jb 

In the two cases, the result follows from 1. □ 


2.7 Lemma. Let Eq > 0 as in Lemma 2.6. Given e > Q, we can choose a constant 
c > 0 such that for any T e ao,F; one has 

f {\K^{xm,7J)\ + \J^{xm,7J)\)d7 ^ ce 
Js^{e,T) 

Proof : 

We recall that 

K^{Xm,7J) = \ f fl{yf^Xm7y2) 

Jdiag{AM)\H X H Jdiag{AM)\t^xf^ 

X f 2 {xAxmjX 2 )uM{xi, yi,X 2 , ?/ 2 , T)d{xi, X 2 )d{yi, 2 / 2 ) 

where 

UM{xi,yi,X2,y2,T) = T)da. 

■J Ah\Am 

We hrst establish an estimate of um- Let x,y e H and a e Am- According to 
(1.11) applied to H, we can write y~^ax = /ciao/c 2 with ki, k 2 ^ K and oq e Aq. By 
dehnition of the norm, there is a positive constant Co such that 

log ||y"^ax|| ^ C'o(||hAo(ao)|| + !)• 

If u{y~^ax) ¥= 0, then, by dehnition of u{-,T) (cf. (2.7)), the projection of 
hAo{oo) in bhAm belongs to the convex hull in ohAm of the W(i7, Ao)-translates 
of T. Thus, there is a constant (Ti > 0 such that 

inf log |||/“^zax|| ^ C'i(||r|| + 1). (2.36) 

zgAh 


We assume that ||T|| ^ 1. Taking C 2 = max(2C'i, 1) and using the property 
(1.17) of the norm, we obtain 

inf log \za\ < C' 2 (||L'|| + log ||x|| + log || 2 /||). (2.37) 

zgAh 

We apply this to {xi,yi) and {x 2 ,y 2 ) such that u{yAaxi,T)u{yAax 2 ,T) 7 ^ 0. 
Hence, we deduce that 

inf log llzall < C' 2 (||r|| + log ||xi|| + log ||yi|| + log ||x 2 || + log \\y 2 \\)- 
zgAh 
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As ||x|| ^ lixmliand 1 < ||T||, taking the integral over a e Ah\Am, we 
deduce the following inequality 


UM{xi,yi,X 2 ,y 2 ,T) < (||T||+log ||a:Jxi||+log ||xJ?/i||+log ||x 2 ||+log ||?/ 2 ||), (- 2 . 38 ) 
for all Xi,yi, X 2 and y 2 in H. 

The function UM{xi,yi,X 2 ,y 2 ,T) is invariant by the diagonal (left) action of Am 
on (xi,X 2 ) and (j/i,?/ 2 ) respectively. Since Xm commutes with As = Am (cf. 
Lemma 1.1), we can replace log ||x“^a;i|| + log||x 2 || and log ||x“^yi|| + log||y 2 || by 
inf log II(axA^xi, 0 x 2)11 and inf log ||(axA^yi, 0 ^ 2)11 respectively. By assumption, 

aeAM aeAM 

the quotient Am\S is compact, then, using (1.21), one has 

inf II (axA^x, ax') || ss inf || (sx^^x, sx') ||, x, x' e H. 

aeAM seS 


Therefore, as ||r|| ^ 1, the inequality (2.38) gives 

UMixi,yi,X 2 ,y 2 ,T) ^ || r|| +log inf || (sx'^xi, sxa) || +log inf || (sx^^yi, S 2 / 2 ) hxi,yi,X 2 ,y 2 ^ H. 

seS seS 

In other words, this means that there are a positive constant and a positive 
integer d such that, for all Xi,yi, X 2 and ?/2 e H, one has 

UM{xi,yi,X 2 ,y 2 ,T) < C3{\\T\\ + loginf ||(sx”^xi, 5 x 2 )! + loginf ||(sx"^j/i, s?/ 2 )||)'^. 

seS seS 

Let 11 be a compact set containing the support of /i and / 2 . By Lemma 2.5, 
there is a positive integer k (independent of 11) and a positive constant Cq such 
that, if Xm'y e x^Sa is a a-regular point with fi{yi^Xm'yy 2 )f 2 {xi^Xjn 7 X 2 ) A 0 for 
some xi, X 2 , yi and y 2 in H then 

UM{xi,yi,X 2 ,y 2 ,T) < Cn(||T|| + log |A<^(x^ 7 )|"^)‘^. 

This inequality and the expression of iL^(xm,7,/) give 

l^^(a^m,7,/)l < C'odl^'ll + log|A^(x^7)|"^)'^|Al(/i)(x^7)Af(/2)(x^7)|, (2.39) 

where Ai{fj) is the orbital integral of fj dehned in (1.34). By Theorem 1.2, these 
orbital integrals are bounded by a constant (74 on [xmSa) ^ Hence, we obtain 

|A^(x™, 7,/)| < C'nQ'diTlI +log|A.(x™7)|-'^)''. 

Let B be the set of 7 in such that iL^(xm, 7 , /) A 0. Then B is bounded by 
Theorem 1.2 and (2.39). Using Lemma 2.6, we can hnd a constant (7 > 0 such that 

r \K'^{xm,'y,f)\d'y (2.40) 

JSa(e,T) 
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If ||T|| ^ 1, then (2.36) implies that if u(x ^ay) ^ 0 then 

inf log ||za|| < 2 Ci + log ||x|| + log ||?/||. 
zsAh 

The same argnments to obtain (2.38) imply that there is a positive constant C[ snch 
that 

UM{xi,yi,X 2 ,y 2 ,T) < (C^ + log ||x"^xi|| + log ||x”^?/i|| + log||a: 2 || + log ||?/ 2 ||), (2.41) 
for xi,yi,X 2 and ?/2 in H. Replacing ||T|| by C[ in the reasoning after (2.38), we 
dednce that [ \K^{xmnJ)\d7 is bonnded. Hence, one obtains (2.40) for 
||T|| ^ 1. 

We will now establish a similar estimate when is replaced by J^. For this, 
it is enongh to prove that the weight fnnction vm have an estimate like (2.38). We 
will see that this follows easily from the dehnition of vm- Indeed, for xi,yi,X 2 and 
y 2 in i/, one has by dehnition 

VMixi,yi,X2,y2,T) := (^M{hM{a),yM{xi,yi,X2,y2,T))da 

J Ah\Am 

where c’‘m(-, 3 ^M(a^i, 2 /i, a^ 2 , 2 / 2 , F)) is a bonnded fnnction which vanishes in the com¬ 
plement of the convex hnll (J^Af (xi, 2 / 1 , ^ 2 , 2 / 2 , F)) of the (iJ, M)-orthogonal set 
>’M(a^i, 2 /i,a: 2 , 2 / 2 ,F) (cf. (2.5)). Since J’Ar(a^i, 2 /i, 2 : 2 , 2 / 2 , F) is the set of points 
Zp = inf^(rp -h hp{yi) - hp(xi),Fp -h hp{y2) - hp{x2)) for P e V{M) (cf. (2.11)), 
if aM{X, yM{xi,yi, X 2 , 2 / 2 , F)) 7 ^ 0 then ||X|| ^ \\Zp\\ for P e V{M). By dehnition of 
Tp, one has ||Fp|| ^ ||r||. 

Let ns prove that for P e V{M), one has 

||/ip(x)|| < 1 -I- log ||x||, xeH. (2.42) 

We hrst compare ||m|| and ||/iAf(m)|| for m e M. Let M = KmAqKm be the Cartan 
decomposition of M where Km is a suitable compact subgroup of M. Then, each 
m e M can be written m = ka{m)k' with k, k' e Km and a{m) e Aq. Since Km is 
compact, the property (1.21) gives ||m|| ss ||a(m)||, m e M and this property does 
not depend on our choice of a{m). By (1.25), we have ||a|| ^ a e Aq. 

Hence, there are a positive constant C and a nonnegative integer d such that 
gll^Ao(aM)ll ^ C'||m||'^ for all m e M. By (1.8) applied to {M,Ao), if a e Hq then 
hM^a) is the orthogonal projection of hAo{a) onto aM, thus ||/iA^(a)|| < ||hyip(a)||. 
Since hM{xn) = hM{a{m)) for m e M, we obtain that there is a positive constant 
C such that 


||hAf(m)|| < \\hAo{a{m))\\ < C"(l -f log ||m||), me M. (2.43) 

By dehnition (cf. (1.13), (1.14)), we have hp{x) = hM{mp{x)) ioi x e H and by 
(1.22), we have ||mp(x)|| < ||a^||,a^ ^ H. Thus, our claim (2.42) follows from (2.43). 
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Therefore, there are a positive Ci and a positive integer d such that if 
crM{hM{a),yM{xi,yi,X 2 ,y 2 ,T)) ^ 0, then 

||/iM(a)|| ^ \\Zp\\ < CidlTlI + log llxill + log II 2 / 1 II + log IIX 2 II + log \\y 2 \\Y- 

Since ||a:|| ^ ||a:m|| for x e H, this gives the following estimates of vm analogous 

to (2.38) and (2.41): 

If ||r|| > 1 then 

VM{xi,yi,X 2 ,y 2 ,T) < ||T||+log ||a:;;ixi||+log ||a;"^yi||+log ||x 2 ||+log |||/ 2 ||, (2.44) 

xi,yi,X2,y2 e H, 

and 

there is a positive constant C 2 such that for ||T|| < 1, one has 
VM{xi,yi,X 2 ,y 2 ,T) < C^ + log ||a:“^xi||+log ||x"^l/i||+log ||a; 2 ||+log ||?/ 2 ||, (2.45) 

xi,yi,X2,y2 e H. 

Arguing exactly as above for we deduce that there is a positive constant C 
such that 


J 

JSa{e,T) 




This hnishes the proof of the Lemma. 


□ 


2.8 Lemma. Fix <5 > 0. Then, there exist positive numbers C,ei and 82 such that, 
for all T with d(T) ^ hlTl, and for all xi,yi,X 2 and y 2 in the set := {x e 
H] ||x|| ^ 

\uM{xi,yi,X 2 ,y 2 ,T) - VM{xi,yi,X 2 ,y 2 ,T)\ < (2.46) 


Proof : 

If ||r|| remains bounded then, by (2.38), (2.41), (2.44) and (2.45), the functions um 
and Vm are bounded and the result (2.46) is trivial. Thus we have to prove the 
Lemma for ||T|| sufficiently large and d{T) ^ d\\T\\. 

By (5.8) of [Ar3], we can choose 82 such that d{yM{x, y, T)) > 0 for all x,y e 
By the discussion of l.c. bottom of page 38 and top of page 39, there is a constant 
Co > 0 such that, for T with d{T) ^ 5||T|| and ||T|| > Co, for x,y e and 
a e Ah\Am, one has 

u{y~^ax,T) = aM{hM{a),yM{x,y,T)). 

By Lemma 2.2, for X e om, we have 

(rM{X,yM{xi,yi,X2,y2,T)) = aM{X,yM{xi,yi,T))aM{X,yM{x2,y2,T)). 
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Thus, one deduces that 

(yM{hM{a),yM{xi,yi,X2,y2,T)) = u{y:[^axi,T)u{y2^ax2,T), 
for a e Ah\Am- Hence, for d{T) ^ 5||T|| ^ hCo, and Xj, yi in we have 

UM{xi,yi,X2,y2,T) = VM{xi,yi,X2,y2,T). 

This hnishes the proof of the Lemma. □ 


Theorem 2.3 follows from the corollary below. 

2.9 Corollary. Fix 6 > There exist two positive numbers e and c > 0 such that, 
for all T with d{T) ^ (^||T||, one has 



K^{xm,7,f) - d^{xm7,f)\ d-f ^ ce 


(2.47) 


Proof : 

By Lemma 2.7, it is enough to prove that we can hnd positive numbers e, e' and Cq 
such that 


\K^{xm, 7, /) - d^{xm, 7, /) \d'y ^ Coe (2.48) 

JjeSa-Saie^T) 

where S„{e,T) is dehned in (2.34). 

Let e > 0. Let 12 be a compact subset of G which contains the support of /i and 
/a. We will estimate \uM{xi,yi,X 2 ,y 2 ,T) - VM{xi,yi, X 2 ,y 2 ,T)\ for Xi,X 2 ,yi and y 2 
in H satisfying xf^XmJX 2 e 12 and yf^Xm'jy 2 ^ 12 for some ^ e Sa — Sa{e,T) with 
XmJ e For this, we will use the invariance of the functions um and vm by 

the diagonal left action of Am on (xi,X2) and {yi,y 2 ) respectively. 

By Lemma 2.5, there are a positive integer k and a positive constant C^, (de¬ 
pending only on 12) such that, for all 7 e S'o- — Sa{s,T) with Xm'y ^ fQ^. 

all Xi, yi in 77, 1 = 1, 2 with x7^Xm7X2 and yf^Xmiy 2 in 12, we have 

inf II(sx“^xi, 5x2)11 ^ CnA^(xm7)"^ < Cne^^'Cll {2AQ) 


and 

inf I(sx“^ 1/1,52/2) II < CfiA^(xm 7 )"^ < 


Since Am\S is compact, we deduce from (1.21) and (2.49) that there is a constant 
Cq > 0 such that 

inf Il(aa:"^a;i,ax2)|| ^ 
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Thus, for 77 > 0, there is uq e Am such that 

||aox;;^a:i||||aoX 2 || < + rj. (2.50) 

Since Am = As, the point oq commutes with Xm by (1.28) and we have ||aoXi|| ^ 

ll^^m II ll^m II • 

If ||T|| remains bounded, then ||aoXj||,z = 1,2 are bounded by a constant inde¬ 
pendent of ||T||. By the same arguments, there is Oi e Am such that llaiT/jll,^ = 1,2 
are bounded by a constant independent of ||T||. Using the invariance of um 
and vm by the left action of diag{AM) on {xi,X 2 ) and ( 7 / 1 , 1 / 2 ) respectively and 
the estimates (2.38), (2.41) , (2.44) and (2.45) for um and vm, we deduce that 
\uM{xi,yi,X 2 ,y 2 ,T) — VM{xi,yi,X 2 ,y 2 -,T) \ is bounded by a constant independent of 
T and of Xi,yi. Recall that by Theorem 1.2, the constant 

Cl := r Al(|/i|)(x^7)Af(|/2|)(x^7)d7 

JSa 

is hnite. We deduce that \K'^{xm,l, f) — f)\d'y is bounded, 

hence we obtain (2.48). 

We assume that ||r|| is not bounded. Let 81,62 and C as in Lemma 2.8. Taking 
||T|| to be sufficiently large and e such that ke is smaller than the constant 82 , we 
can assume by (2.50) that 

||aoXj|| ^ 7 = 1,2. 

The same arguments are valid for \\yi\\, i = 1,2. Thus, there is oi e Am such that 

IlnWill ^ 7 = 1,2. 


Using Lemma 2.8 and the invariance of um and vm by the left action of the diagonal 
of Am on (xi,X 2 ) and (?/i,7/2) respectively, we deduce that, for all T with d{T) ^ 
5||r||, one has 

\uM{xi,yi,X2,y2,T) - VM{xi,yi,X2,y2,T)\ < 


Hence, we obtain 

r \K'^{xm,^,f) - J^{xm,^,T)\ < CCie~AC^, 

JS-Sa{e,T) 

where Ci := A4(|/i|)(a:m7)2W(|/2|)(xm7)d7. This hnishes the proof of the 

Corollary. □ 
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2.5 The function J^{f) 

The goal of this section is to prove that is of the form 


N 

(2.51) 

fc =0 

where = 0, ..., are distinct points in ia^ and each pk(T, f) is a polynomial 

function of T. Moreover, the constant term J(/) := Po{0,f) is well-dehned and is 
nniqnely determined by K^{f). Except for one detail, onr argnments and calcnla- 
tions are the same as those of section 6 of [Ar3]. We give the details of proof for 
convenience of the reader. 

Recall that J^{f) is a hnite snm of the distributions 

= \^a{Xm'y)\T \ Xm'iy2) 

Jdiag{AM)\H xH Jdiag{AM)\fiH 

xf2{xAxm7X2)vM{xi,yi, X 2 , 2/2, T)d{xi, X 2 )d{yi, 2 / 2 ) 

where M e /l(Ao), S' is a maximal torus of M such that As = Am, Xm e 
his and VM{xi,yi, X 2 ,y 2 ,T) := \^^,^^^aM{hM{a),yM{xi,yi,X 2 ,y 2 ,T))da where 
yM{xi,yi,X 2 ,y 2 ,T) is dehned in (2.11). 

We hrst study the weight function vm as a function of T. We £x M e C{Aq) and 
xi, 2 / 1 , X 2 and 2/2 in H. ^ 

Let '■= + o,H)/a.H and ■= (Sm.f + o-A/clh be the projection in 

(im/clh of the lattices om.f and om.f respectively. By (1.10), one has 

dM,F/dH,F = hM,F/oM,F Ct an — =2fM. (2.52) 


For M = Ao, we replace the subscript Aq by 0. We denote by ^ := Hom(=:2f, 27riZ) 
the dual lattice of a lattice Af. 

Let P s V^M). We introduce the following sublattice of ^m- For /c e N, we set 

:= k\og{q)a,ae Ap, 

where q is the order of the residual held of F, and 

'^Pa,k- 

aeAp 

Then AfM,k is a lattice in ^ auAn independent of P and by ([Ar2] §4), one can 
hnd k e N* such that for all M e £(Ao), one has 

■^M,k C 


41 




The set of points XiasAp yaf^a,k with e] — 1, 0] is a fundamental domain of ^M,k 
which we denote by 'DM,k- 

For X e S^m/^M, k and Y e au/ciu-, we denote by Xp{Y) the represen- 
tative of X in such that Xp{Y) — Ye VM,k- 

For A e 

0p,fc(A) = vol{a^l^M,kr^ n (1 - (2.54) 

Q;E Ap 

We £x T e ao,F- By dehnition of (Tm (cf. (2.4)), the function vm depends only 
on the image of Tp in ^m- Hence we can assume that T lies in the lattice ^o- For 
P e V{M), the map T ^ Tp sends surjectively onto the intersection of with 
the closure Op of the chamber associated to P. Thus, we may restrict T to lie in 
the intersection of =2o with suitable regular points in some positive chamber Oq of 
a//\ao. Then the points Tp range over a suitable regular points in ^ o.p. 

We recall that (VM(a^i, ?/ii ^ 2 , 1 / 2 , T) is the set of points Zp := Zp{xi,yi, X 2 , y 2 , T) 
dehned in (2.55). Thus, we can write 

Zp = Tp + Zp with Zp := mi^{hp{yi) — /ip(xi), hp{y 2 ) — h-p{x 2 )). (2.55) 

Notice that the points Zp do not necessarily belong to the lattice ^m- It is the 
only difference with [Ar3] section 6 in what follows. 

2.10 Lemma. There is a positive integer N independent of M and polynomial 
functions q^iT) for f e (depending on xi,yi,X 2 and y 2 ), such that 

VM{xi,yi,X2,y2,T) = ^ q^{T)e^Y') ^ 

Moreover, the constant term VM{xi,yi,X 2 ,y 2 ) ■= ?o(0) of VM{xi,yi,X 2 ,y 2 ,T) is 
given by 

hM(xi,|/i,X2,|/2) = |im ( 2 \SYmIYYmA~^ Xj e^YXp{z%)')Q^^^^^Y\y 

PeV{M) XeSXmI^mm 


Proof : 

The kernel of the surjective map hM ■ Ah\Am dM,F/dH,F is a compact group 
which has volume 1 by our convention of choice of measure. Thus, using (2.52), we 
can write 


VM{xi,yi,X2,y2,T) := ^ aM{X,yM{xi,yi,X2,y2,T)). 

XeYm 
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For our study, it is convenient to take a sum over ^m- The finite quotient 
can be identified with the character group of ^m/■^m under the pairing 

{v,X) G X ^m/^m - 

Hence, by inversion formula on finite abelian groups, we obtain 
vm{x\,V\,X2,V2,T) = 2 2] OM{X,yM{xi,yi,X2,y2,T))e''^^'^. 


Coming back to the definition of ctm (cf. (2.4)), we fix a small point A e {aM/aH)c 
whose real part is in general position. One has 

aM{x,yM{xuyi,x2,y2 ,T))= ^ (-i)i^^i(p^(x-Zp) 

PeV(M) 

= lim V (-l)l^^l(p^(X-Zp)e^(^\ 

A^O ^ ^ ' 

PeV(M) 

By definition of <pp, the function X ^ is rapidly decreasing on the support 

of X *—> ifp{X — Zp). Hence, the product of these two functions is summable over 
X e Therefore, we can write 

VM{xi,yi,X 2 ,y 2 ,T) = V lim V Fp{A) (2.56) 

A^O 

PeViM) 

where 

Fj(A) := 

Xe^M 

The above discussion implies that 

the map A i—> YjpeP{M) -Tp(A) is analytic at A = 0. (2.57) 

We fix P e V{M). We want to express Pp(A) in terms of a product of geometric 
series. For this, we write 

Pj(A) := 2 S (-1)I^-I4(^ + 

XeSeM/^MM 

(2.58) 

Let X e Recall that Xp{Y) is the representative of X in such that 

Xp(r) -He VM,k- We set 

X^{Y) := Xp(y) + 2 ^^o.,k. 

aeA^ 


43 


Thus Xp{Y) is also a representative of X in ^m- Taking Y := Zp, we can set 

ifUX + X' - Zp) = ip^{X^{Zp) + X' - Zp) 

in (2.58). The set of points X' e such that this characteristic function equals 
to 1 is exactly the set 

{ ^ hi}. 

aeAp aeAp—Ap 


Therefore, a simple calculation as in [Ar3] top of page 45 gives 
(_ 1 )|A^| ^ ^^(X + X'- Zp)e^^+‘'^^^+^'^ 

X'e^M.k 

_ g(A+i/)(Xp(Zp))^ n “ g-(A+i/)(Mc,fe))-l_ 
qeA p 


(2.59) 


We have hxed the Haar measure on ^ aujciG with the property that the quotient 
of au/o-H by the lattice has volume 1. Thus, we have 

Ylil- = \^M/^M,k\~^ep,k{A + u)-\ 

qg Ap 

By the above equality, (2.58) and (2.59), we obtain 

Fj(A) = + u)-\ (2.60) 

Let X e We recall that Tp belongs to for P e V{M) and 

Zp = Tp + Zp (cf. (2.55)). By dehnition (cf. (2.53)), the point Xp{Zp) is the unique 
representative of X in Cm such that Xp{Zp) — Tp — Zp e T>M,k and {X — Tp)p{Zp) 
is the unique representative of A —Tp in CCm such that (A — Tp)p{Zp) — Zp e 
Hence, we deduce that 

Ap(Zp) = (A-Tp)p(Z°) + Tp. (2.61) 

Replacing A by A — Tp in (2.60), we obtain 

Fp{A)^ =\^M/-^M,k\~^ 2 + z.)-' (2.62) 

where Xp{Zp) is independent of T. Thus by (2.56), we have established that 
VMixi, yi, X2, 1/2, T) is equal to 

(2.63) 
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Recall that the expression in the brackets is analytic at A = 0 (cf. (2.57)). To 
analyze this expression as fnnction of T, we argue as in ([Wl] p.315). We give the 
details for convenience of lecture. We replace A by zK. The map z 
may have a pole at z = 0. Let r denotes the biggest order of this pole when P runs 
V{M). Then, using Taylor expansions, one deduces that 

lim( y y - 

A^O 


L L y 




dz^ 


^<zA+u,Tp+Xp(Z%)> 


m=0 PeV{M) Xe^ul-ifM.k 

where Cm = 

But we have 


^r—m 

)p=0] + ^)~^)[Z^0], 




dz’' 


_(^^<zA+u,Tp+Xp{Z%)>^^^^^_^ _ ^ Xp(Zl) 


Qr—m 

and -^-^{z^9p^k{zK + z^)-^)[^^o] is independent of Tp. 

Therefore, we deduce that vm{xi, yi,X 2 ,y 2 , T) is a hnite sum of functions 

qpATp)C^^^\ u e P e P(M), 


where qp^ is a polynomial function on om- 

Since c are lattices of same rank, one can find a positive integer N 
such that N^q a . Therefore, by our choice of T and the above expression, 
we can write 

VM{xi,yi,X2,y2,T) = ^ q^{T)e^^^\ 

where q^{T) is a polynomial function of T. This gives the first part of the Lemma. 

Since the polynomials q'g(T) are obviously uniquely determined, the constant 
term vm{xi, yi,X 2 , y 2 ) '■= q'o(O) is well defined. To calculate it, we take the summand 
corresponding to z/ = 0 in (2.63) and then set T = 0. We obtain 

hM(a;i,2/i,a^2,l/2) = |im ( ^ . 

^ PgP(M) XeJ^Ml^M.k 

This hnishes the proof of the Lemma. □ 


We substitute the expression we have obtained for vm in Lemma 2.10 into the 
expression for Hence, we obtain the following similar decomposition 

for 


45 







2.11 Corollary. There is a decomposition 


2 Ps(r,/)e«^'. TEifonaJ, 




where N is positive integer and each p^(T, f) is a polynomial function ofT. More¬ 
over, the constant term J{f) := po{0, f) of J^{f) is given by 



where 




diag{AM)\f^xH 'Jdiag{AM)\iixH 


y-f2{xi ^XmlX2)vM{xi, yi, X2, y2)d{xi,X2)d{yi, y2). 
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